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ABSTRACT 
As the construction industry is rapidly growing, the importance given to sustainable 
construction techniques has increased, to protect the environment and the limited 
reserves of natural resources. In order to reduce the negative environmental impact of 
the construction industry and to meet the increasing global demand for raw materials, 
the significance of recycling and reusing construction waste has increased over the 
years. Considering the wide applications of concrete and the large consumption of 
coarse aggregates used in concrete on a global scale, using Recycled Aggregate (RA) 
in concrete is an environment-friendly and sustainable construction alternative. 
However, Recycled Aggregate Concrete (RAC) does not exhibit adequate structural 
performance due to its inferior material properties compared to those of Natural 
Aggregate Concrete (NAC). At present, RAC is restricted to limited structural use 
and is extensively used only in pavements and as shotcrete in tunnels. Some previous 
studies have shown that RAC with adequate structural performance can be produced 
using various techniques. In this study, the particular technique of adding another 
material, Steel Fibre (SF), is investigated. SF improves the mechanical performance 
of RAC and makes it suitable for structural applications, especially under flexural 
load. This research aims to replace NAC with RAC that incorporates SF. The use of 
the new material, Steel Fibre Reinforced Recycled Aggregate Concrete (SFRRAC), 
in fabricating structural members subjected to flexure is proposed to gain advantages 
in terms of environmental effects, production costs and structural properties. 
Structural members fabricated using a new material such as SFRRAC should be 
designed according to proper design models and guidelines. The current design 
guidelines are limited to NAC and cannot be directly applied to SFRRAC due to the 
xxi 
 
change in the material properties. This research proposes a design model for 
SFRRAC beam cross-sections under flexure, developed using a reliability based 
framework consisting of the following four parts: (i) a new theoretical model 
development for predicting the moment-capacities of SFRRAC beam cross-sections; 
(ii) experimental investigation of SFRRAC specimens at material-level and member-
level; (iii) numerical investigation on SFRRAC beams using Finite Element Analysis 
(FEA); and (iv) capacity factor calibration for a SFRRAC flexural capacity 
prediction model using the theoretical predictions and the adaptively combined 
database of experimental and FEA results. 
First, a new theoretical model is proposed to predict the moment-capacities of 
SFRRAC beam cross-sections. The model considers the compressive strength 
reduction due to the use of RA and the tensile contribution due to the use of SF, 
which is not considered in the model for NAC. In the model for NAC, the tensile 
strength of NAC is ignored in moment-capacity calculations, as it is negligible 
compared to its compressive strength. However, the tensile strength of SFRRAC 
cannot be overlooked due to the presence of SF. The tensile contribution of SF is 
introduced in the proposed model based on regression analysis of material test 
results. 
Second, an experimental investigation on SFRRAC specimens is carried out at 
material-level and member-level. In the material-level experiments, 25 different 
SFRRAC mix proportions are designed from combinations of five different volume 
fractions of SF, 0%, 0.3%, 0.5%, 0.7% and 1.0% and five different replacement 
proportions of NA by RA, 0%, 30%, 50%, 70% and 100%. Cylindrical specimens 
are fabricated using these 25 mixes and their split-tensile strength, compressive 
strength, toughness under compression and elastic modulus are investigated. It is 
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found that the SFRRAC mix, which contains 30% RA and 0.7% SF by volume of 
concrete, has the maximum split-tensile strength when the results of the mixes with 
0% RA content are excluded. This mix proportion (30% RA and 0.7% SF) is used to 
fabricate full-scale SFRRAC beams in the member-level test program. In member-
level experiments, 10 full-scale SFRRAC beams are investigated for their flexural 
moment-capacities under three-point bending. The beams are grouped into the 
following two sets based on their dimensions: first set of 3000 mm long beams with 
varying cross-sectional dimensions; second set of beams with the same cross-section 
(300 mm × 400 mm) but varying lengths between 2000 mm and 5000 mm. It is 
found that the presence of SF in SFRRAC beams increases the crack-resistance of 
concrete, delays the yielding of steel reinforcement and improves the moment-
capacity. 
Third, a numerical investigation on SFRRAC beams is carried out using FEA. Finite 
Element (FE) models of the 10 experimentally investigated beams are first built and 
analysed for their flexural moment-capacities, which are validated through the 
experimental results. Then, FE models of more SFRRAC beams with varying 
dimensions are built and analysed. The length of the SFRRAC beams is varied from 
2000 mm to 50000 mm and the cross-sectional size is varied between the smallest 
size (300 mm × 400 mm) and the largest size (600 mm × 600 mm) considered. The 
moment-capacity results obtained from such numerical simulations are used as 
additional data to expand the original experimental database consisting of 10 data for 
reliability analysis. 
Finally, a capacity factor calibration is conducted based on an adaptively combined 
database of experimental and FEA results using the following proposed iterative 
approach: in the first iteration, a set of moment-capacity results of the 10 
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experimentally investigated beams is used to calibrate the capacity factor; from the 
second iteration onwards, the size of the database is gradually expanded in each 
iteration by adding one FE datum and by considering the uncertainty of the added 
datum in each iteration; the calibrated capacity factor is updated accordingly until it 
is converged. The value of the calibrated capacity factor for the prediction model for 
SFRRAC beam cross-sections under flexure starts from 0.8169 when the size of the 
database is 10, reaches the maximum of 0.8436 when the size of the database is 33 
and decreases and converges to the final value of 0.8305 when the size of the 
database is 83. 
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Chapter 1 Introduction 
1.1 General 
This chapter introduces the background of the study, which is followed by the 
research objectives and the significance of the research. This is followed by an 
explanation of the innovations associated with the research and the research approach 
adopted. Finally, the layout of the thesis is explained. 
1.2 Background 
Concrete is the most commonly used material in the global construction industry. 
Due to the rapid growth of the global construction industry and the ever-increasing 
demands for the raw materials used in concrete, the importance of using recycled 
materials in concrete construction has significantly increased over the last few 
decades. In 2011, about 26 billion tonnes of coarse aggregate were used by the global 
construction industry (Freedonia, 2007). Furthermore, this demand doubled by 2017 
(Freedonia, 2013). Conventionally, to cater to such huge demands of coarse 
aggregates, large volumes of Natural Aggregate (NA) are extracted from gravel 
mines. NA is commonly used as a constituent material of concrete, all over the 
world. 
However, by alternatively using Recycled Aggregate (RA) instead of NA in 
concrete, such large demands of coarse aggregates can be met without depleting the 
limited natural resources, reserving them for future generations. RA is produced from 
construction and demolition waste (Etxeberria et al., 2007a). Many countries charge 
taxes to dump demolition waste into landfills. Reusing the demolition waste instead 
of disposing it into landfills helps to avoid such dumping costs and protects the 
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limited land resources available. In addition, the use of RA in concrete reduces the 
environmental impact of the construction industry as carbon dioxide emissions and 
raw material consumption are lowered when structural members are fabricated with 
RA instead of NA (Meddah, 2017; Jimenez et al., 2018). 
During the last few decades, substantial research has been undertaken on using 
Recycled Aggregate Concrete (RAC) in construction. However, RAC has not been 
extensively used for structural applications because its material properties are 
inferior to those of Natural Aggregate Concrete (NAC). The presence of RA affects 
the material properties of RAC. RAC is subjected to more shrinkage than NAC, as 
RA absorbs more water than that absorbed by NA (Schubert et al., 2012). This is 
because of its higher porosity; thus, less water is available for the hydration of 
cement and the material properties of RAC are affected (Ravindrarajah, 1996). 
Although the mechanical performance of RAC can be slightly improved by 
modifying the method of mixing water, other issues such as honeycombing or 
formation of large voids are observed (Gupta and Bhatia, 2013). Therefore, to use 
RAC for structural applications, it is necessary to reduce the negative effects of RA 
on the material properties of RAC without affecting the other associated properties. 
One of the methods to achieve this is the use of Steel Fibre (SF). 
The use of SF in NAC has been extensively investigated by previous studies. Steel 
Fibre Reinforced Concrete (SFRC) has attracted considerable attention in the field of 
construction. SF fails by a ductile pull-out mechanism and requires more energy than 
the brittle failure mechanism of NAC. Hence, it increases the flexural strength and 
the tensile strength of NAC. In addition, SF imparts toughness to the concrete matrix 
and improves its crack-resistance, crack-arresting properties and post-cracking 
behaviour. 
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From the information thus far considered, it is clear that RA degrades, whereas SF 
improves the material properties of concrete. However, RA provides a sustainable 
construction option, which should be adopted to meet the growing demands for 
coarse aggregates. To exploit the advantages of RA and SF, both are used in this 
study to produce a new material, Steel Fibre Reinforced Recycled Aggregate 
Concrete (SFRRAC). This material is environment-friendly and has adequate 
mechanical performance to be used for structural applications. However, only a few 
studies have investigated the properties of full-scale SFRRAC beams (Mirza et al., 
2015; Zhang and Pei, 2017; Salman and Abdul-Ameer, 2018). Even these few 
studies have not investigated the effect of varying the beam size on the flexural 
behaviour of SFRRAC beams. This research investigates the effect of SF addition on 
the flexural behaviour of SFRRAC beams in particular, through full-scale beam tests 
conducted on beams with varying geometry. This is done to comprehensively 
understand the behaviour of SFRRAC under flexure and to verify if the effect of 
varying the beam size on the flexural behaviour of NAC and FRC (Fibre Reinforced 
Concrete) beams observed by previous investigations is also applicable to SFRRAC 
beams (Adachi et al., 1995; Kunieda et al., 2002; Lepech and Li, 2003). 
When a new material such as SFRRAC is used to fabricate structural members, 
corresponding design models and guidelines should be available, as the current 
design guidelines are limited to NAC. These design models are highly useful and 
necessary as they provide benchmark target to the manufacturers and material quality 
assurance to the users (Rao et al., 2007). In this research, a design model for 
SFRRAC beam cross-sections under flexure is developed, using a reliability analysis 
based framework. To understand more about the reliability analysis method used in 
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this study, fundamental understanding of the concept of structural reliability is 
necessary. 
Structural reliability is defined as the ability of a structural member to comply with 
the given requirements under specified conditions of loading, during the intended life 
for which it was designed (International Organization for Standardization, 1998). 
Structural reliability is represented by the reliability index ( ) or the probability of 
failure (  ). This failure probability of a structural member depends on the limit state 
function   to which it is designed. ISO 2394 (International Organization for 
Standardization, 1998) and Eurocode 0 (BSI, 2002) use First Order Reliability 
Method (FORM) in which the limit state function   is taken to be linear. The value 
of   in FORM is defined by the values of   (the load applied) and   (the resistance 
of the structural member). If member resistance   is greater than the applied load  , 
the value of   in the following equation is greater than zero and the member is 
deemed safe. 
                                    (1.1) 
where   is the limit state function;   is the member resistance; and   is the applied 
load. 
Generally, the behaviour of a structural member is defined by a set of random 
variables                     . These random variables represent the 
uncertainties in the load; the modelling error of the limit state model used to predict 
the theoretical resistance capacity of the structural member; and the uncertainties of 
the parameters used in the limit state function such as the material properties and 
geometrical dimensions of the structural member. The combined error of all such 
parameters in the limit state function is referred to as the parametric uncertainty. The 
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following equations represent design load (  ) and design member resistance (  ) as 
functions of such random variables (BSI, 2002): 
                                                           (1.2) 
                                                          (1.3) 
where    is the design load;    is the design resistance;     is the i
th
 design load action; 
    is the i
th
 design material property;     is the i
th
 design geometrical property; and 
    is the i
th
 design model error. The limit state of a structural member is represented 
by the limit state function    that depends on the applied load effect   and the 
member resistance  , which are functions of random variables; hence,   is also a 
function of random variables as shown in the following equation: 
                        (1.4) 
where X is a set of random variables                 as mentioned before. The 
reliability of a structural member is expressed as failure probability (  ). The failure 
probability is defined as the probability that the value of the member resistance ( ) is 
less than the load applied ( ). In other words, it is the probability that the limit state 
function      is less than zero, as shown in the following equation: 
                                              (1.5) 
where    is the probability of failure;      is the limit state function;   is the 
member resistance;   is the load acting on the member. Although the random 
variable      may follow any type of random distribution, it can be converted to a 
corresponding normal distribution. Considering      as a single normal random 
variable with mean     and standard deviation    , the failure probability in the 
normal space of      is given by the following equation: 
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                  (1.6) 
where   is the cumulative distribution function of the standard normal 
distribution;    is the mean of the normal variable;    is the standard deviation of the 
normal variable. The normal space of the single random variable      is presented 
in Figure 1.1. As shown in Figure 1.1, the reliability index   is the distance between 
the mean    and the limit state boundary, in units of standard deviation    . The 
following equations represent the relationship between the reliability index   , 
mean    and standard deviation   : 
                            (1.7) 
                                      (1.8) 
where    is the mean of the normal variable;    is the standard deviation of the 
normal variable; and   is the reliability index. From equations 1.6 and 1.8, the 
relationship between failure probability and reliability index in normal space is 
established by the following equation, which is also illustrated in Table 1.1: 
                           (1.9) 
where    is the failure probability;   is the cumulative distribution function of the 
standard normal distribution;   is the reliability index. 
Table 1.1 Relationship between failure probability    and reliability index   (BSI, 
2002) 
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Figure 1.1 Probability of failure in normal space (Gulvanesian and Holicky, 2005) 
1.3 Research significance 
To develop design guidelines for SFRRAC, the effect of uncertainties in the 
mechanical behaviour of SFRRAC on the design equations and the associated 
capacity factors need to be investigated. In this research, the term capacity factor is 
used to represent the constant term multiplied to the design equation to achieve the 
target safety level. This term is known by different names in different international 
codes. It is known as strength reduction factor in ACI 318-11 (ACI, 2011), partial 
safety factor for resistance in Eurocode 2 (BSI, 2004) and capacity factor in AS 
3600 (Standards Australia, 2009). 
The capacity factor for SFRRAC under flexure is determined in this study using a 
reliability analysis framework provided in Annex D of Eurocode 0 (BSI, 2002). The 
details of this method are presented in Section 3.3.2 of Chapter 3. This framework 
requires both theoretical and experimental moment-capacities of different SFRRAC 
beams, to determine the capacity factor. The conservatism embedded in the 
calibrated capacity factor depends on the followings: 
Normal space of g(X)
mean: 
standard deviation: 
0
limit state boundary
= 0
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(i) The size of the experimental database used. 
(ii) The bias and scatter of the theoretical moment-capacity prediction model 
used. 
(iii) The uncertainties of the parameters used in the limit state function. 
(iv) The target reliability level.  
The existing moment-capacity prediction model that is found in current design 
standards is applicable only to reinforced NAC beams. In this study, a new moment-
capacity prediction model for reinforced SFRRAC beams is proposed. The proposed 
model includes the contribution of SF to the moment-capacity of SFRRAC beams 
and estimates their flexural behaviour more accurately than the conventional method. 
As mentioned above, the value of the capacity factor also depends on the size of the 
test database. In this study, first, the results from the experimental testing of 10 
SFRRAC beams are included in this database. The geometry of these 10 beams 
includes four different beam cross-sections and seven different beam lengths, so that 
the calibrated capacity factor and the developed design model can be applied to a 
range of beam sizes in practice. Second, to avoid unnecessary conservatism in the 
calibrated capacity factor due to a limited number of test data, the size of this test 
database is numerically expanded with the help of Finite Element Analysis (FEA) 
results, further varying the geometry of the beams. The following section discusses 
the main objectives of the various stages of this research. 
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1.4 Research objectives 
Although many previous studies have investigated the use of RA and SF in concrete, 
the following research gaps still need to be addressed: 
 Most of the studies that experimentally investigated the combined use of RA 
and SF in concrete were conducted at a material-level only. Only a few 
studies have investigated the behaviour of SFRRAC beams (Mirza et al., 
2015; Zhang and Pei, 2017; Salman and Abdul-Ameer, 2018). These studies 
did not vary the geometric dimensions of the SFRRAC beams investigated. 
The flexural behaviour of SFRRAC beams with various geometries needs to 
be studied, to comprehensively understand the behaviour of SFRRAC under 
flexure. 
 The existing theoretical moment-capacity prediction model is applicable only 
to NAC. A new moment-capacity prediction model has to be developed to 
predict the moment-capacity of SFRRAC beam cross-sections under flexure. 
 Numerical analysis of SFRRAC beams with different geometries has not 
been carried out before due to the limited amount of experimental research on 
full-scale SFRRAC beams, which can be used to validate the accuracy of the 
numerical analysis.  
 Due to unavailability of extensive experimental data of full-scale SFRRAC 
beams, the development of design models for SFRRAC beams under flexure 
has not yet been carried out. 
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The followings are the main objectives of this research: 
 This study will experimentally investigate the effect of the addition of RA 
and SF on the mechanical performance of SFRRAC. The material properties 
of 25 different mixes of SFRRAC will be analysed with the help of material-
level testing. The optimum contents of RA and SF will be estimated from this 
material-level test program. 
 This study will experimentally investigate the flexural behaviour of full-scale 
SFRRAC beam members. 10 different SFRRAC beams will be fabricated 
with the optimum SFRRAC mix and their flexural behaviour will be studied 
experimentally. The experimentally evaluated moment-capacities of these 
beams will be used in developing the design model for SFRRAC beam cross-
sections under flexure. 
 This study will numerically investigate the behaviour of SFRRAC beams 
under flexure. FE models of SFRRAC beams will be built and their 
performance under flexure will be studied. The accuracy of the FEA will be 
validated by comparing the FEA results of the 10 beams that will be 
experimentally investigated. Then, a parametric study of SFRRAC beams 
will be carried out using FEA by varying the beam dimensions. The FEA 
results will be used along with the experimental results to develop design 
models for SFRRAC under flexure. 
 This study will develop design models for SFRRAC beam cross-sections 
under flexure. The reliability analysis method provided in Annex D of 
Eurocode 0 (BSI, 2002) will be used to calibrate capacity factors for 
SFRRAC under flexure. This method will use a proposed theoretical 
prediction model that predicts the moment-capacity of SFRRAC. The 
11 
 
proposed prediction model will include the tensile contribution of SF, unlike 
the existing prediction model for NAC. 
1.5 Innovations and research approach 
The following are the innovations associated with this research: 
 This is the first study to propose design models for SFRRAC. Capacity 
factors have been calibrated for SFRRAC under flexure. No study has 
previously calibrated design specifications for SFRRAC, owing to the lack of 
extensive experimental data on full-scale SFRRAC members. 
 This study uses both experimental investigation and numerical analysis to 
calibrate a design model for steel reinforced concrete members, although 
some studies have used numerical analysis to calibrate design models for 
steel members (Rebelo et al., 2009; Mirambell et al., 2012; Bock et al., 2015; 
Ahmed et al., 2016; Anbarasu and Ashraf, 2016; Anwar-Us-Saadat et al., 
2016; Wang et al., 2016). However, none of those studies used a systematic 
approach to check the convergence of the capacity factor used in the design 
model, with an increase in the number of data. 
 This is the first study that includes the modelling error of the numerical 
analysis and the error due to the limited number of experimental data used to 
validate the accuracy of the numerical analysis. Although a few studies have 
attempted to include the modelling error of the numerical analysis, they 
incorrectly assumed that infinite experimental results were used to validate 
the accuracy of the numerical analysis (Mirambell et al., 2012, Bock et al., 
2015 and Wang et al., 2016). 
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 A few studies have tested the behaviour of full-scale SFRRAC beams (Mirza 
et al., 2015; Zhang and Pei, 2017; Salman and Abdul-Ameer, 2018). 
However, the beams tested by them had the same geometric dimensions. This 
is the first study in which the dimensions of SFRRAC members are varied to 
study the effect of size on the behaviour of SFRRAC beams. 
 This is the first study to carry out FEA of SFRRAC beams that have different 
dimensions. Although Wigg (2014) attempted to carry out FEA of SFRRAC 
beams, he did not vary the size of the SFRRAC beam models that were 
analysed. 
The following specific approaches are adopted for this research: 
1. A new moment-capacity prediction model for SFRRAC beams is proposed. 
This includes the contribution of SF, unlike the conventional prediction 
model for NAC. The proposed prediction model is used to develop design 
specifications for SFRRAC under bending. This model is used along with a 
database of SFRRAC beam test results to develop a design model for 
SFRRAC beam cross-sections under flexure. 
2. In this study, an experimental investigation of SFRRAC specimens is 
conducted at material and member-levels. Firstly, the optimum contents of 
RA and SF in SFRRAC are estimated from material-level testing conducted 
on 25 SFRRAC mixes with different combinations of RA and SF contents. 
Following this, 10 full-scale SFRRAC beams of different sizes are fabricated 
using these optimum contents to study their flexural behaviour and the effect 
of varying the beam size on the same. Three-point bending is used to study 
the flexural performance of these beams. 
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3. FE models of the 10 experimental beams tested are created, using different 
mesh sizes. The flexural behaviour of these FE models is numerically 
investigated and the FEA results are compared with the experimental results. 
The mesh size that yields the maximum overall accuracy of the 10 FEA 
models when compared against their experimental results is determined. 
Using this mesh size, a parametric study is performed in FEA by varying the 
beam dimensions. This parametric study is used to increase the size of the 
database, on which the capacity factor calibration is performed. This increase 
in the size of the database is expected to improve the accuracy of the 
calibrated capacity factors and the developed design model. 
4. The reliability analysis method provided in Annex D of Eurocode 0 (BSI, 
2002) uses the theoretically predicted moment-capacities and the 
experimental moment-capacities obtained from a test to develop the design 
model for SFRRAC beam cross-sections and calibrate the corresponding 
capacity factors. However, in this study, a database of both experimental and 
FEA moment-capacities are used along with the theoretical predictions. 
Hence, in this study, the reliability analysis method provided in Annex D of 
Eurocode 0 (BSI, 2002) is modified, to include the uncertainties of the FEA 
results. 
1.6 Layout of the thesis 
This thesis investigates the behaviour of full-scale SFRRAC beams and proposes 
design models with a proper capacity factor for SFRRAC beams under flexure. It 
consists of the following seven chapters: 
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Chapter 1 has introduced the general background of RA and SF, the effect of their 
addition to concrete and the need to use SFRRAC. The significance, the objectives, 
the approach and the innovation of this research were also discussed in this chapter. 
Chapter 2 presents a literature review on existing studies conducted on RAC, SFRC 
and SFRRAC at material and member-levels, a literature review of FEA of SFRRAC 
beams, a literature review of structural reliability of RAC and SFRC and a literature 
review of the code calibrations that have used the reliability analysis method 
provided in Annex D of Eurocode 0 (BSI, 2002). 
Chapter 3 presents a comparative description of different inverse reliability methods, 
including the Broyden-Fletcher-Goldfarb-Shanno (BFGS)-based inverse algorithm 
that is developed in this study. The advantages and the limitations of these methods 
are presented in this chapter, along with an explanation for choosing the reliability 
analysis method that is used in this study. 
Chapter 4 presents the proposed theoretical prediction model to predict the moment-
capacity of SFRRAC beams. Furthermore, the experimental results of SFFRAC 
beam tests conducted by Mirza et al. (2015) are presented, followed by a discussion 
of the capacity factors for SFRRAC beams calibrated using the reliability analysis 
framework provided in Annex D of Eurocode 0 (BSI, 2002). 
Chapter 5 presents the experimental program on SFRRAC that was conducted as a 
part of this study. The first part of this chapter presents the material-level testing 
program conducted on different SFRRAC mixes. The second part of this chapter 
presents a discussion on the fabrication and testing of full-scale SFRRAC beams. 
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Chapter 6 presents the FEA that was conducted on SFRRAC beams. The FEA of the 
10 beams experimentally tested, a comparison of the FEA results against those of 
experiment and a parametric study that was conducted to expand the size of the test 
database are presented in this chapter. 
Chapter 7 presents the modifications of the reliability analysis framework provided 
in Annex D of Eurocode 0 (BSI, 2002) to include the uncertainties of the FEA used 
in this study. Also presented is the iterative procedure used to determine the capacity 
factor and the calibrated capacity factor, along with the parametric study that was 
conducted to see the effect of varying the uncertainties of different parameters on the 
value of the calibrated capacity factor. 
Chapter 8 draws a conclusion for the current research. Suggestions for future 
research to extend the current research are also included in this chapter. 
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Chapter 2 Literature review 
2.1 General 
In this chapter, a review of previous experimental studies on RAC, SFRC and 
SFRRAC is presented in Section 2.2. Although the individual behaviour of RAC and 
SFRC have been extensively investigated at material and member-levels, the number 
of experimental investigations conducted on the combined use of RA and SF in 
concrete is limited. Most of the investigations conducted on SFRRAC were limited 
to studying only the material properties of SFRRAC at a material-level. Only three 
studies have experimentally tested the behaviour of full-scale SFRRAC beams. Even 
these three studies have not considered the effect of varying the size of SFRRAC 
beams on their flexural behaviour. Section 2.3 describes the existing limited research 
on numerical analysis of SFRRAC. Sections 2.4.1 and 2.4.2 review the limited 
number of reliability analysis investigations on RAC and SFRC, respectively. These 
studies ignored the modelling uncertainties of the theoretical capacity prediction 
model used as they did not use any full-scale member tests in their reliability 
analysis. Section 2.4.3 presents the limited number of studies that have used the 
reliability analysis method provided in Annex D of Eurocode 0 (BSI, 2002) to 
develop design models for steel and steel-concrete members. Some of these studies 
have used the results of numerical analysis in their reliability analysis. However, all 
of them have ignored either the modelling error of the numerical analysis or the error 
due to the limited number of experimental data used to validate the accuracy of the 
numerical analysis. Section 2.5 summarises the key research gaps in the literature. 
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2.2 Experimental investigations 
When concrete structures are destroyed for renovation or demolition purposes, 
recycling the used material and deriving aggregates from them is an eco-friendlier 
and sustainable solution than disposing of them in landfills. Research on using RA 
for secondary construction applications such as pavements has existed for over 60 
years (Olorunsogo, 1999). Section 2.2.1 reviews studies that highlight the negative 
effects of RA addition on the mechanical performance of RAC at material and 
member-levels. Section 2.2.2 presents the benefits of using SF as a constituent 
material in concrete. In this research, the addition of SF is considered as a potential 
technique to counteract the inferiority of RA. The resulting material SFRRAC is 
expected to be a useful material for structural applications. Previous studies that have 
investigated this combination at material and member-levels are reviewed in Section 
2.2.3. 
2.2.1 Recycled aggregate concrete (RAC) 
2.2.1.1 Material-level investigations on RAC 
The typical production of RA is by crushing concrete from construction and 
demolition waste (Etxeberria et al., 2007a). The production of RA takes place under 
controlled environments using sophisticated machinery such as crushers, screens, 
transfer equipment and apparatuses to remove foreign particles (Hansen, 1986). Two 
types of RA are produced: RA of less than 5 mm called fine RA and RA of 10 mm 
and 20 mm called coarse RA (Duan and Poon, 2014; Tam et al., 2014). Figure 2.1 
shows 10 mm and 20 mm RA. 
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(a) 10 mm RA    (b) 20 mm RA 
Figure 2.1 Main products of RA production: (a) 10 mm RA (b) 20 mm RA 
Many studies have been previously conducted on RAC at the material-level, to study 
the effect of the addition of RA on the material properties of RAC. The common 
finding of all these studies is that the addition of RA has a negative effect on the 
performance of RAC. As RA content increases, the compressive strength, the elastic 
modulus and the flexural strength of RAC gradually decrease (Xiao et al., 2005; 
Heeralal et al., 2009; Henry et al., 2011; Rao et al., 2011; Choi and Yun, 2012; 
Ghorpade and Sudarsana, 2012; Choi and Yun, 2013; Serifou et al., 2013; Guo et al., 
2014a; Guo et al., 2014b; Sivakumar et al., 2014). The presence of RA also affects 
the stress-strain behaviour and reduces the ductility of RAC (Xiao et al., 2005; Chen 
et al., 2014). 
RA produced by production plants contains residual mortar from the original 
concrete, which adheres to it; this residual mortar makes the RA more porous and 
increases its water absorption, while decreasing its particle density (Duan and Poon, 
2014). The volume of this adhered mortar could be as large as 50% and the porosity 
could be increased by up to 20 times in some cases, depending on the source of RA 
and the quality of the production process (Ravindrarajah, 1996). The high fraction of 
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old mortar present in RA significantly affects the fresh and hardened properties of 
RAC (Gameiro et al., 2014). More water is needed during concrete mixing to 
maintain the same level of workability (Ravindrarajah, 1996). Also, more water is 
needed to avoid the drying shrinkage of RAC caused by the higher water absorption 
of RA (Schubert et al., 2012). The addition of extra water during the mixing of RAC 
increases the water-cement ratio, thereby affecting the material properties of RAC 
(Ravindrarajah, 1996). 
The material properties of RAC could be improved if good quality RA is produced 
and used (Sagoe-Crentsil et al., 1996). The concrete recycling companies that 
produce RA should classify and separate the incoming concrete waste into different 
strength grades, as the strength of the demolished parent concrete is also significant 
(Sagoe-Crentsil et al., 1996; Padmini et al., 2009). After the production of RA, tests 
should be undertaken to highlight the material properties of RA such as its aggregate 
crushing value, its bulk density and its moisture absorption (Sagoe-Crentsil et al., 
1996). Good quality RA produced using sophisticated machinery has high specific 
gravity, low attached mortar content and low water absorption (Duan and Poon, 
2014; Yang et al. 2008). 
However, the cost of the production increases when sophisticated machinery and test 
procedures are used to produce good quality RA. This also increases the cost of 
commercially available RA. A few studies investigated alternative economical 
methods to produce good quality RAC using average quality RA, by employing new 
mix proportioning techniques. A two-stage mixing approach was adopted by Li et al. 
(2012) and Younis and Pilakoutas (2013). In this approach, first, cement, coarse RA 
and half of the mixing water were mixed together. Following this, sand and the 
remaining water were added and mixed. Fathifazl et al. (2009) proposed a new mix 
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proportion technique called the Equivalent Mortar Volume (EMV) method, which 
treats the residual mortar of RA as part of the overall mortar in RAC. Gupta and 
Bhatia (2013) extended this method by considering the residual mortar to be part of 
the fine aggregate in the new concrete.  
Although the mechanical properties of RAC prepared using these approaches were 
better than those of RAC prepared using conventional mixing approach, other 
problems such as usage of more water or honeycombing and formation of a large 
number of voids were observed (Gupta and Bhatia, 2013). Even with the availability 
of such alternative mixing approaches and new means of proportioning RA, 100% 
RAC is still not suitable for structural applications (Etxeberria et al., 2007a; Rao et 
al., 2011; Murali and Ramkumar, 2012; Kumar and Vikranth, 2013). The findings 
from many studies mentioned previously in this section have shown that the presence 
of RA affects the mechanical performance of RAC at the material-level. The effect 
of adding RA on the mechanical performance of RAC is more significant at the 
member-level than at the material-level, as shown in the following section, which 
describes the findings of the experimental investigations carried out on full-scale 
RAC beams. 
2.2.1.2 Member-level investigations on RAC 
Some experimental studies have investigated the behaviour of full-scale RAC beams 
under different failure modes. Etxeberria et al. (2007a) investigated the shear 
behaviour of steel reinforced RAC beams with a span length of 2600 mm and the 
different contents of RA such as 25%, 50% and 100%. The beams were loaded using 
a symmetrical two-point load-system, and it was observed that the load at which the 
first crack was observed decreased with an increase in RA content. Ignjatovic et al. 
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(2013) and Arezoumandi et al. (2015) studied the flexural behaviour of RAC beams 
under short term loading. Ignjatovic et al. (2013) investigated three different RA 
contents of 0%, 50% and 100% and three different tensile reinforcement ratios. 
Arezoumandi et al. (2015) investigated two different RA contents of 0% and 100% 
and two different tensile reinforcement ratios. Both these studies observed that the 
cracking moment of the RAC beams was much lesser than that of the NAC beams. 
100% RAC beams had a 10% lower cracking moment than NAC beams, and the 
stiffness of RAC beams was less than that of NAC beams (Ignjatovic et al., 2013; 
Arezoumandi et al., 2015). 
Rao et al. (2011) investigated the behaviour of RAC beams subjected to low velocity 
impact with 25%, 50% and 100% RA. It was found that the sensitivity of RA to high 
loading rates is greater than that of NA, and the stiffness of the beams decreased with 
an increase in RA content. The impact resistance of RAC decreased with an increase 
in RA content. In RAC, failure mainly occurred at the aggregate-mortar interface, but 
in some cases, the failure also occurred through the aggregates (Rao et al., 2011). 
Casuccio et al. (2008) recorded a similar observation when they investigated the 
behaviour of notched RAC beams. In addition, they observed that the number of RA 
that was broken in RAC was much higher compared to the number of NA that was 
broken in NAC. 
The previous studies on the experimental behaviour of full-scale RAC beams showed 
that the flexural behaviour of RAC is inferior to that of NAC, as RAC beams have a 
lesser cracking moment and less stiffness. To improve the flexural behaviour of RAC 
beams, the addition of SF is investigated in this study. The advantages of adding SF 
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in concrete at the material-level and the member-level are discussed in the following 
section. 
2.2.2 Steel Fibre Reinforced Concrete (SFRC) 
2.2.2.1 Material-level investigations on SFRC 
Research on the possible use of fibres in NAC is ongoing since the early 1960s 
(Romualdi and Mandel, 1964). Unreinforced NAC is a brittle material with low 
tensile strength and low strain capacity. The addition of any kind of fibre improves 
the crack-arresting behaviour of NAC and provides post-cracking ductility (Van 
Chanh, 2004). The main contribution of fibres is to increase the toughness of 
concrete under different failure modes. Fibres increase the strain at peak load and 
help in absorbing large amounts of energy in the post-peak phase (Van Chanh, 2004). 
Zollo (1997) classified fibres into the following four types: steel, glass, synthetic and 
natural. Out of these types, SF has the highest strength and modulus of elasticity 
(Qian and Stroeven, 2000). This section covers the research conducted on the effect 
of adding SF at the material-level. 
SFRC is produced by the conventional method of mixing the constituent materials of 
concrete. However, the inclusion of SF that are dispersed over the volume of SFRC 
decreases the workability of SFRC. A more workable concrete shows better 
mechanical performance due to the better orientation of SF, in contrast to the 
concrete with low workability (Boulekbache et al., 2012). Hence, it is recommended 
to add SF lastly to the wet mix of concrete to ensure the maximum workability of 
SFRC as the formation of SF lumps can be avoided (Van Chanh, 2004). 
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Based on an experimental investigation conducted on the compressive behaviour of 
SFRC, Ezeldin and Balaguru (1992) observed that the presence of SF did not affect 
the compressive strength of SFRC, significantly. However, the addition of SF 
increased the strain at the maximum load. In addition, they also observed that the 
post-peak characteristics of SFRC such as the post-cracking ductility, the toughness 
under compression and the energy absorption of SFRC improved with SF content. 
Many other studies also observed similar behaviour of SFRC under compression 
(Hsu and Hsu, 1994; Mansur et al., 1999; Nataraja et al., 1999; Van Chanh, 2004; 
Bhargava et al., 2006; Bencardino et al., 2008; Olivito and Zuccarello, 2010; Ou et 
al., 2011). Such post-peak behaviour could be attributed to the bridging effect of SF 
in SFRC, which gradually fails by pull-out mechanism, compared to the sudden 
failure of NAC (Lee and Won, 2014). 
When SFRC is subjected to tensile load, SF controls cracking and induces a positive 
effect on the tensile strength and the post-cracking behaviour of SFRC, by improving 
its strain capacity, energy absorption capacity and toughness (Chunxiang and 
Patnaikuni, 1999; Van Chanh, 2004). Balendran et al. (2002) investigated the 
behaviour of SFRC under tensile and flexural loads by conducting split-tensile tests 
on SFRC prisms and three-point bending tests on notched SFRC prisms, 
respectively. Their experimental investigation recorded increases of 134% and 43% 
in tensile-strength and flexural strength, respectively. Bischoff (2003) observed that 
the addition of SF to NAC improves its stiffness under tension because SF is able to 
carry forces between the cracks as it fails gradually. In addition, he also observed 
that the cracks in an SFRC specimen were more in number and closely spaced 
compared to the cracks in a NAC specimen. These observations were the reason for 
greater crack control under tension and improved tensile stiffness and tensile 
24 
 
strength. From experimental investigations on SFRC, Song and Hwang (2004) and 
Kang et al. (2010) observed that the tensile strength and flexural strength of SFRC 
vary linearly with SF content. In addition to the improvements in tensile resistance 
and flexural resistance of concrete, SF also increases the shear strength of SFRC 
(Lim and Oh, 1999; Dinh et al., 2010). Dinh et al. (2010) observed that an SF content 
greater than or equal to 0.75% by volume of concrete can replace the minimum 
stirrup reinforcement in concrete members (Dinh et al., 2010). 
The benefits of SF addition on the mechanical performance of NAC depend on 
certain factors such as the length of SF; the aspect ratio of SF, which is the ratio of its 
length to its diameter; the shape of SF and the volume of SF in the matrix. An 
experimental investigation was carried out by Olivito and Zuccarrello (2010) to study 
the effect of SF volume and SF length on the mechanical performance of SFRC. 
They used SF of three different lengths (22 mm, 30 mm and 40 mm) at 1% and 2% 
dosages. They observed that all the SFRC specimens underwent a ductile failure 
under a compressive load. However, higher SF content ensured better ductility as 
more fibres were available to arrest the cracks and promote the gradual failure of the 
SFRC specimens. The ductility of SFRC under compression also improved with the 
length of SF, as the longer SF absorbed more energy. Under flexural load, the longer 
SF improved the anchorage within the SFRC matrix, as it could deform more, arrest 
the development of macro-cracks and absorb more energy during the cracking phase 
of SFRC (Olivito and Zuccarrello, 2010).  
Based on experimental investigation on SFRC, Michels et al. (2013) observed that 
the amount of energy absorbed by SFRC during ductile failure depends on both the 
volume of SF in the SFRC matrix and the aspect ratio of SF. SF with an aspect ratio 
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of 60 produced about 25% greater energy absorption than SF with an aspect ratio of 
40. Other studies also recorded better performance of SFRC with greater aspect ratio 
of SF (Won et al., 2012; Won et al., 2013). Although employing higher dosages of 
SF and longer SF results in better mechanical performance of SFRC, the workability 
of SFRC decreases. The dosage of SF and the length or the aspect-ratio of SF must 
be decided based on the application of SFRC, to obtain a balance between 
workability of the SFRC mix and mechanical performance. Estimating the optimum 
volume content of SF in the SFRC matrix plays a major role in improving the 
mechanical performance of SFRC (Yoo et al., 2013). 
The mechanical performance of SFRC also depends on the type of SF used. 
Holschemacher et al. (2010) observed that the post-cracking load capacity of SFRC 
was higher when hooked-end SF was used instead of corrugated SF. The hooked-end 
SF and the corrugated SF used by them are shown in Figures 2.2(a) and 2.2(b), 
respectively. The next section presents the findings of the experimental 
investigations carried out on full-scale SFRC beams. 
  
(a) Hooked-end SF (b) Corrugated SF 
Figure 2.2 Different types of SF used by Holschemacher et al. (2010): 
(a) Hooked-end SF (b) Corrugated SF 
2.2.2.2 Member-level investigations on SFRC 
A limited number of studies have been carried out on the flexural or shear behaviour 
of SFRC beams. Gustafsson and Noghabai (1999) experimentally investigated the 
shear behaviour of SFRC beams. The beam sizes considered by them are as follows: 
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200 mm × 250 mm × 1500 mm, 200 mm × 500 mm × 3600 mm and 300 mm × 700 
mm × 6000 mm. Straight SF and hooked-end SF with aspect ratios of 40, 50 and 86 
were used in their study. They observed that the beam with the longest hooked type 
SF showed the most ductile failure, as the longest SF provided the best anchorage 
while arresting cracks. It was also observed that the increase in shear capacity of 
NAC beams due to the addition of 1% volume of SF was greater than thrice the 
increase in shear capacity due to the use of stirrups. Hence, Gustafsson and Noghabai 
(1999) concluded that SF can effectively replace shear reinforcement in NAC beams, 
at least for small beams with the effective depth of about 200 mm. Similar 
observations were recorded by other studies (Narayanan and Darwish, 1987; Ashour 
et al. 1992; Imam et al., 1995; Lim and Oh, 1999). Imam et al., 1995 developed an 
analytical equation for the critical shear span-to-depth ratio as a function of the 
volume and aspect ratio of SF. 
Holschemacher et al. (2010) investigated the flexural behaviour of SFRC beams by 
varying the SF dosage and yield strength of SF using four-point bending test. SF with 
yield strength of 1100 MPa and 1900 MPa were used in dosages of 20 kg/m
3
, 40 
kg/m
3
 and 60 kg/m
3
. It was observed that the load at which initial crack occurred 
increased with SF content. This was attributed to the ability of SF to arrest micro-
cracks. It was also observed that SF plays an important role in the post-cracking 
phase of the beams. The usage of high-strength SF promoted ductile failure and 
energy absorption as high-strength SF can carry greater load across the cracks, 
compared to normal strength SF. The specimens with high-strength SF had a lower 
number of broken SF in the failed cross-sections. 
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The effects of using mild carbon SF with enlarged ends on the flexural behaviour of 
SFRC beams was investigated by Chunxiang and Patnaikuni (1999). SF with 
dimensions of 18 mm × 0.4 mm × 0.3 mm, 18 mm × 0.6 mm × 0.3 mm and 25 mm × 
0.6 mm × 0.4 mm were used. It was observed that the flexural rigidity of the SFRC 
beams before cracking improved on using SF, irrespective of the size of SF used. 
The mid-point deflection of the SFRC beams at 80% ultimate load in the descending 
curve of the load-deflection plot of the SFRC beams increased by 12% when SF was 
used. This observation showed that the SFRC beams with SF were more ductile than 
the NAC beams. The ultimate loads of SFRC beams were 15% higher than the 
ultimate load of NAC beams under flexure. 
A combination of long SF and short SF was used by Caggiano et al. (2012) to 
investigate the flexural behaviour of SFRC beams. The longer SF had a length of 50 
mm and a diameter of 0.75 mm. The shorter SF had a length of 33 mm and a 
diameter of 0.55 mm. It was observed that the volume of SF affected the load at 
which the first crack appeared and the post-cracking behaviour of SFRC beams. A 
softening response was observed after cracking in the specimen with 0.5% volume of 
SF, and a plastic behaviour was observed after cracking in the specimens with 1.0% 
volume of SF. Although the fibre combination influenced the load at which the first 
crack appeared, it had no effect on the post-cracking behaviour of the SFRC beams. 
2.2.3 Steel Fibre Reinforced Recycled Aggregate Concrete (SFRRAC) 
2.2.3.1 Material-level investigations on SFRRAC 
Although the mechanical performance of RAC is comparably lower than that of 
NAC, by adding SF, it is possible to produce RAC with strength gains that are 
sometimes even higher than the strength gains in NAC (Erdem et al., 2011; 
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Ghorpade and Sudarsana, 2012). Moreover, RAC combined with SF is considered a 
viable alternative material that provides more economical solutions. This 
combination reduces waste and increases the strength of the structural member 
(Corinaldesi et al., 2002; Awchat and Kanhe, 2013; Tam et al., 2014). 
Many studies investigated the combined use of RA and SF in concrete at material-
level (Corinaldesi et al., 2002; Heeralal et al., 2009; Akinkurolere, 2010; Erdem et 
al., 2011; Bhikshma and Manipal, 2012; Ghorpade and Sudarsana, 2012; Awchat and 
Kanhe, 2013; Katzer and Domski, 2013; Younis and Pilakoutas, 2013; Carneiro et 
al., 2014; Chen et al., 2014; Guo et al., 2014a; Guo et al., 2014b; Tam et al., 2014; 
Xie et al., 2015; Gao et al., 2017). However, only a few of these studies used 
hooked-end SF that provides better anchorage and better crack-resistance than 
straight SF (Erdem et al., 2011; Carneiro et al., 2014; Gao et al., 2017). In the present 
study, 25 different SFRRAC mixes were investigated at the material-level; however, 
the number of SFRRAC mixes investigated in most of the previous studies was less 
than 10. Only Bhikshma and Manipal (2012) had investigated 16 mixes, which is still 
smaller than the number of mixes investigated in this study. Moreover, the method of 
saturating the porous RA by wetting it with water prior to mixing SFRRAC was used 
in this study, but it was not used in the previous studies. 
SF significantly enhances the performance of RAC when compared to other types of 
fibres such as glass and polypropylene fibres (Corinaldesi et al., 2002; Erdem et al., 
2011; Ghorpade and Sudarsana, 2012). Corinaldesi et al. (2002) investigated the 
combined use of polypropylene fibres and SF in RAC. They found that the flexural 
strength decreases due to the presence of RA. However, the addition of fibres 
counterbalances this decrease and the flexural strength of fibre reinforced RAC was 
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observed to be greater than that of NAC. The increase in the flexural strength due to 
the presence of SF was greater than that due to the presence of polypropylene fibres 
(Corinaldesi et al., 2002). Similar observations were recorded by Erdem et al. (2011), 
who analysed the microstructure-strength relationship of RAC containing Structural 
Synthetic Macro (SSM) fibres and SF. It was observed that the load carried by the 
RAC specimens after cracking was greater when SF was used instead of SSM fibres. 
In addition, the increase in ductility was greater when SF was used instead of SSM 
fibres. Ghoparde and Sudharsana (2012) observed that the resistance to permeability 
and toughness under compression of RAC increased more when SF was used instead 
of glass fibres or polypropylene fibres. 
Some studies investigated the workability of SFRRAC and its performance under 
compression. Akinkurolere (2010) investigated the compressive strength of 100 mm 
× 100 mm × 100 mm SFRRAC cubes with different volumes of SF. The aspect ratio 
of the SF used was also varied. It was observed that the addition of SF did not have a 
significant positive effect on the compressive strength of SFRRAC. In addition, the 
workability decreased when SF with higher aspect ratio is used. Similar observations 
were recorded by Katzer and Domski (2013), who observed that the density of 
SFRRAC improved, although the workability decreased due to the addition of SF. 
Younis and Pilakoutas (2013) studied the effect of adding SF on the mechanical 
performance of SFRRAC. They used the technique of treating the surface of RA 
using reactive and non-reactive micro-fillers and a special type of SF called recycled 
tyre SF. Although SF helped in arresting the cracks under a compressive load, the 
presence of SF had no consistent effect on the compressive strength of SFRRAC. 
This observation was also recorded by Bhikshma and Manipal (2012), who studied 
the mechanical performance of 16 different concrete mixes with RA and SF. 
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Some studies investigated the behaviour of SFRRAC under failure modes such as 
tension, flexure and shear (Heeralal et al., 2009; Bhikshma and Manipal, 2012; 
Carneiro et al., 2014; Gao et al., 2017). Heeralal et al. (2009) investigated the 
flexural behaviour of SFRRAC. The flexural strength and the toughness of SFRRAC 
decreased with RA content. However, the addition of SF increased the flexural 
strength of SFRRAC by 15%. In addition, the toughness and the ductility of 
SFRRAC increased due to the presence of SF as it fails by the pull-out mechanism 
and effectively arrests crack development in RAC. Such observations were also 
recorded by Carneiro et al. (2014), who investigated the behaviour of SFRRAC 
under compression and flexure. Bhikshma and Manipal (2012) observed that the 
crack-resistance of SFRRAC increased with SF content, under split-tensile load and 
flexural load. They analysed the effect of adding SF using four different volume 
proportions (0%, 0.5%, 1.0% and 1.5%) and two different aspect ratios (40 and 60) 
of SF. The split-tensile strength and flexural strength of the SFRRAC specimens 
increased with the aspect ratio of SF, as the longer SF provided better anchorage and 
better crack-resistance. Gao et al. (2017) found that the shear strength, the shear 
toughness and the ductility under shear of SFRRAC increased with the SF content. 
The mechanical performance of SFRRAC subjected to high temperatures was 
investigated by some studies (Chen et al., 2014; Guo et al., 2014a, Guo et al., 2014b; 
Xie et al., 2015). Chen et al. (2014) studied the compressive behaviour of SFRRAC 
subjected to high temperatures. Material properties such as the compressive strength, 
the elastic modulus, the toughness under compression and the compressive stress-
strain plot of SFRRAC cylinders were investigated by them. The performance of 
RAC under compression deteriorated with increase in temperature. However, SF 
prevented spalling and improved the ductility and the cracking behaviour of RAC. 
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Similar observations were recorded by Guo et al. (2014a), Guo et al. (2014b) and Xie 
et al. (2015). While Guo et al. (2014a) and Xie et al. (2015) studied the compressive 
behaviour of SFRRAC reinforced with crumb rubber at high temperatures, Guo et al. 
(2014b) investigated the fracture toughness and the fracture energy of SFRRAC 
subjected to bending at high temperatures. 
2.2.3.2 Member-level investigations on SFRRAC 
Although considerable research has been undertaken on SFRRAC at the material-
level, only a few studies investigated the behaviour of full-scale SFRRAC beams 
(Mirza et al., 2015; Zhang and Pei, 2017; Salman and Abdul-Ameer, 2018). Mirza et 
al. (2015) tested nine SFRRAC beams for their flexural behaviour, each with 
different proportions of RA and SF. Three dosage levels of SF (0%, 0.3% and 0.6% 
by volume) were varied with three proportions of RA (0%, 30% and 100% 
replacement of NA) as shown in Table 2.1. Each beam tested by Mirza et al. (2015) 
was 3000 mm long, with the effective length being 2800 mm. Four deformed bars 
with 12 mm diameter were used as compression reinforcement, and four deformed 
bars with 20 mm diameter were used as tension reinforcement. Three shear ties with 
12 mm diameter were placed at intervals of 300 mm, starting at a distance of 150 mm 
from each end, for shear reinforcement. Strain gauges were attached to each tension 
reinforcement bar at its centre and both ends. A three-point bending test was 
performed, and the deflection at the centre of the beam was measured using the 
Linear Variable Differential Transformer (LVDT) apparatus. The test set-up of the 
beams is shown in Figure 2.3. The results obtained by Mirza et al. (2015) are further 
discussed in Section 4.2 of Chapter 4. 
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Table 2.1 Mix proportions of the experimental beams (Mirza et al., 2015) 
No. Water 
(L) 
Cement 
(kg) 
Sand 
(kg) 
NA 
10 mm 
(kg) 
RA 
10 mm 
(kg) 
NA 
20 mm 
(kg) 
RA 
20 mm 
(kg) 
SF 
(kg) 
RA 
(%) 
SF 
(%) 
1 221 630 369 296 0 592 0 0 0 0 
2 232 630 369 207 89 414 177 0 30 0 
3 260 630 369 0 296 0 592 0 100 0 
4 221 630 369 296 0 592 0 9.5 0 0.3 
5 232 630 369 207 89 414 177 9.5 30 0.3 
6 260 630 369 0 296 0 592 9.5 100 0.3 
7 221 630 369 296 0 592 0 18.7 0 0.6 
8 232 630 369 207 89 414 177 18.7 30 0.6 
9 260 630 369 0 296 0 592 18.7 100 0.6 
 
Figure 2.3 Set-up of the beam test (Mirza et al., 2015) 
Zhang and Pei (2017) experimentally investigated the flexural behaviour of 
SFRRAC beams using a four-point bending test. The experimental investigation was 
conducted on eight SFRRAC beams, which were 1500 mm long and had cross-
sectional dimensions of 120 mm × 180 mm. Fly ash and silica fume were used to 
partially replace the cement. Three different steel reinforcement ratios of 2.31%, 
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2.93% and 3.61% were used. The presence of SF improved the tensile strength of 
concrete in the tension zone and reduced the width of concrete cracks. 
Salman and Abdul-Ameer (2018) tested the flexural capacity and shear capacity of 
SFRRAC beams with dimensions of 180 mm × 250 mm × 1200 mm under three-
point bending. While the presence of RA decreased the load carrying capacity, the 
presence of SF increased the load carrying capacity, as SF effectively arrests the 
crack development. It was also observed that the presence of SF made the concrete 
more ductile, and the maximum deflection increased by about 40% due to the 
presence of SF.  
To comprehensively understand the behaviour of SFRRAC under flexure, the effect 
of varying the beam size needs to be studied (Salman and Abdul-Ameer, 2018). 
None of the previous studies conducted on SFRRAC beams varied the beam 
geometry (Mirza et al., 2015; Zhang and Pei, 2017; Salman and Abdul-Ameer, 
2018). However, this study investigates the effect of varying the size of SFRRAC 
beams on their flexural behaviour, to check if the size effect that was observed in 
NAC and FRC by previous studies is observed in SFRRAC beams also (Adachi et 
al., 1995; Kunieda et al., 2002; Lepech and Li, 2003). 
2.3 Finite Element Analysis (FEA) of SFRRAC beams 
Prior to this research, only Wigg (2014) has conducted numerical investigations on 
SFRRAC beams. He verified if the compressive and tensile stress-strain models for 
SFRC suggested by Lok and Xiao (1999) could also be used for SFRRAC. The 
following equations outline the property of SFRC in compression (Lok and Xiao, 
1999): 
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where   is the strain corresponding to compressive stress   ;     is the concrete strain 
at yield stress;     is the ultimate compressive strain; and    is the compressive 
strength of concrete, equal to         
  (    
  is the compressive cylinder strength). 
The following equations outline the property of SFRC in tension (Lok and Xiao, 
1999): 
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      ,                                                                      (2.2c) 
where    is the ultimate tensile strength;     is the corresponding strain;    is the 
residual strength and     is the corresponding strain;     is the ultimate tensile strain; 
  is the tensile stress and   is the corresponding tensile strain. The compressive 
stress-strain relation and the tensile stress-strain relation for SFRC proposed by Lok 
and Xiao (1999) are represented by Figure 2.4. 
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Figure 2.4 Stress-strain relationship for SFRC (Lok and Xiao, 1999) 
Wigg (2014) conducted numerical analysis of SFRRAC beams of dimensions 450 
mm × 600 mm × 3000 mm using the stress-strain model for SFRC proposed by Lok 
and Xiao (1999). He used the experimental results of Mirza et al. (2015) to verify the 
accuracy of the model proposed by Lok and Xiao (1999). He found that the stress-
strain model suggested by Lok and Xiao (1999) for SFRC could not be used to model 
SFRRAC by observing that the FEA ultimate load capacities of the SFRRAC beams 
were different from the experimental ultimate load capacities obtained by Mirza et al. 
(2015). 
He proposed a modification to Lok and Xiao’s model, based on trial and error. He 
extrapolated the tension region in Lok and Xiao’s model back to a tensile stress of 
approximately one. This modification improved the accuracy of the FEA, and the 
FEA results became similar to the experimental results. The modified model is 
presented in Figure 2.5. 
-10 
0 
10 
20 
30 
40 
50 
-0.003 -0.002 -0.001 -7E-18 0.001 0.002 0.003 0.004 
S
tr
es
s 
(M
P
a)
 
Strain 
36 
 
 
Figure 2.5 Stress-strain relationship for SFRRAC proposed by Wigg (2014) 
The accuracy of the stress-strain model for SFRRAC proposed by Wigg (2014) was 
validated only for the beam size of 450 mm × 600 mm × 3000 mm. More beam 
geometries need to be investigated, and the results of these numerical simulations 
should be compared with corresponding experimental data to comprehensively 
validate the stress-strain model for SFRRAC. In this study, the accuracy of the stress-
strain model proposed by Wigg (2014) was further analysed by applying it to FE 
models of SFRRAC beams with different cross-section sizes and lengths. This 
analysis is further explained in Section 6.2 of Chapter 6. 
2.4 Literature review of structural reliability 
2.4.1 Structural reliability of RAC 
The probability of failure for structures built using RAC is higher than that of 
structures built using NAC (Kea and Akiyama, 2013). This section presents the 
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findings of studies conducted on the uncertainties of material properties of RAC. In 
the interpretation of statistical data, the level of variation is measured by the standard 
deviation of the data entries or their coefficient of variation (c.o.v.). The c.o.v. is 
defined as the ratio of standard deviation and the mean. 
Lei et al. (2013) observed that the c.o.v. of the compressive strength of RAC was 
greater than that of NAC. Xiao et al. (2005) and Etxeberria et al. (2007b) found that 
the c.o.v. of compressive strength of NAC was around 8%. However, the c.o.v. of 
compressive strength of RAC with 50% replacement of NA by RA increased to 
9.70% and decreased to 8.22% for 100% RAC (Xiao et al., 2005). In contrast, 
Etxeberria et al. (2007b) found that the c.o.v. of compressive strength increased to 
about 15% when the replacement ratio of NA by RA increased to 100%. According 
to Rahal (2007), the c.o.v. of compressive strength of NAC decreases with an 
increase in the compressive strength. However, for RAC, the c.o.v. increased from 
2.61% to 3.17%, as the compressive strength increased from 20 MPa to 50 MPa. 
These findings show that the compressive strength of RAC is notably more scattered 
than the compressive strength of NAC, and the uncertainty in the material properties 
of RAC increase with an increase in the RA content. 
Breccolotti and Materazzi (2010) conducted compressive strength tests on RAC and 
observed that the compressive strength of RAC was more scattered than that of 
NAC. They re-calibrated the partial safety factor for concrete, in the bending of steel 
reinforced RAC columns using the results from their material-level tests. They 
suggested that the uncertainty in the compressive strength of concrete does not affect 
the reliability of eccentrically loaded columns largely because the bending failure is 
mainly governed by the yield strength of steel. Their suggestion was similar to that of 
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Xiao et al. (2010) who also observed that the effect of uncertainties in the concrete 
compressive strength on the reliability of RAC beams under bending is negligible. 
However, the calibration of partial safety factors for RAC performed by Breccolotti 
and Materazzi (2010) cannot be considered completely accurate. They did not 
include the modelling uncertainty of the prediction model used, as they did not use 
experimental results obtained from testing full-scale RAC columns. The partial 
safety factors they proposed were only based on material-level compressive strength 
tests conducted on RAC cylinders. Unlike the previous studies presented in this 
section, the current study considers the modelling uncertainty of the theoretical 
prediction model using full-scale SFRRAC beam test results and not just material-
level test results. 
2.4.2 Structural reliability of SFRC 
Research on the reliability of SFRC under bending is very limited. Parmentier et al. 
(2008) suggested that the uncertainties in the mechanical performance of fibre 
reinforced concrete depends on various factors like the fibre dosage, the aspect ratio 
of the fibres and the geometry of the tested specimen. Rao et al. (2015) conducted 
reliability analysis on the moment carrying capacity of SFRC beams and observed 
that the c.o.v. of the cracking moment of the beams was 10.1% for NAC and 8% for 
SFRC. However, Rao et al. (2015) did not use full-scale beam test results to include 
the uncertainty in the theoretical prediction model. Instead, their Monte Carlo 
simulation just relied on the parameter uncertainties although the effect of modelling 
uncertainty is significant in general. 
Previous reliability analysis studies conducted on RAC and SFRC have a few 
limitations. First, all the studies focussed on studying the uncertainties in the 
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parameters only, and none of them studied the uncertainties in the theoretical 
prediction models, due to lack of experimental data on full-scale members. Second, 
even in the limited number of reliability analysis studies mentioned above, only the 
use of RA in concrete or the use of SF in concrete was studied and their combination 
was not considered. 
2.4.3 Code calibrations using the reliability analysis method provided in Annex 
D of Eurocode 0 (BSI, 2002) 
Eurocode 0 (BSI, 2002) provides a reliability analysis method that can calibrate the 
capacity factors for any structural member under different failure modes, if the 
uncertainties in the design parameters of the limit state method and the uncertainty of 
the theoretical prediction model are available. This is the first study, which uses this 
method to calibrate capacity factors and propose design models for steel reinforced 
concrete members. However, some studies have used it to calibrate capacity factors 
for steel members and steel-concrete composite members. 
Kang et al. (2015a) used the reliability analysis method provided in Annex D of 
Eurocode 0 (BSI, 2002) to evaluate the performance of the design equations given in 
the Australian Bridge and Steel Standards AS 5100.6 (Standards Australia, 2004) and 
AS 4100 (Standards Australia, 2016) when structural steel was used to conform to 
the tolerances within other national standards. They conducted a reliability analysis 
on experimental data using a target reliability index value of 3.04. They observed 
that the range of capacity factor was 0.93 to 0.95 for steel beams with compact, not-
compact and non-compact cross-sections. A similar investigation was carried out by 
Afshan et al. (2015), who re-evaluated the current partial resistance factors 
recommended in Eurocode 3 – Part 1-4 (BSI, 2006a) for the design of stainless steel 
40 
 
elements. They found that the partial resistance factors currently used in Eurocode 3 
– Part 1-4 (BSI, 2006a) cannot be reduced and that the existing design equations in 
Eurocode 3 – Part 1-4 (BSI, 2006a) for stainless steel need to be modified if the 
current partial resistance factors are to be maintained. In a similar reliability analysis 
conducted by Wang et al. (2017), experimental data from the testing of compressed 
high-strength steel (HSS) square and rectangular hollow sections were used to find 
the partial safety for HSS. They assumed the statistical distributions of the material 
properties and geometric parameters.  
Some studies investigated the structural reliability of steel-concrete composite 
members using the reliability analysis method provided in Annex D of Eurocode 0 
(BSI, 2002). Kang et al. (2015b) estimated the reliability of the equations currently 
used in AS 5100.6 (Standards Australia, 2004) to design concrete-filled steel tubular 
(CFST) columns and recalibrated the capacity factors for the same. Based on their 
reliability analysis, it was suggested that the interaction between concrete and steel 
needs to be considered if the current capacity factors provided in AS 5100.6 
(Standards Australia, 2004) are used in the design of CFST columns. Although the 
existing capacity factor values provided in AS 5100.6 (Standards Australia, 2004) 
ensure adequate safety of the CFST columns, Kang et al. (2015b) suggested that the 
values could be further optimised to improve the balance between cost and safety. In 
a similar investigation on the reliability of steel and steel-concrete composite 
members, Kang et al. (2018) evaluated the performance of the design equations 
given in the Australian/New Zealand bridge and steel structures design standards AS 
5100.6 (Standards Australia, 2004), AS 4100 (Standards Australia, 2016) and NZS 
3404.1 (Standards New Zealand, 1997). Their evaluation method consisted of two 
techniques. In the first technique, capacity factors were calibrated to meet the target 
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reliability level when a limited number of experimental data was available. In the 
second technique, they adopted an inverse reliability analysis method to calculate the 
required minimum number of steel yield strength tests to achieve the target reliability 
level when using capacity factors provided in the design standards. They found that 
the different manufacturing tolerances had no effect on the calibrated capacity factor 
when an infinite range of manufacturing data was available. They also suggested that 
the number of test results needed to achieve the target capacity factors for composite 
members were larger than what was required for non-composite members. It was 
also found that none of the target reliability levels suggested by the different 
international manufacturing standards were met by the equations currently used to 
design hollow columns. 
A few studies have used numerical analysis results in their reliability analysis to 
calibrate capacity factors for steel members; however, most did not consider the 
modelling error of the numerical analysis. Rebelo et al. (2009) proposed a 
methodology to evaluate the resistance of steel I-beams subjected to instability using 
numerical analysis results, which included many different beam geometries and 
loading cases. A statistical analysis of these numerical results was conducted to 
establish the accuracy of the proposed methodology. Numerical analysis results were 
also used by Anwar-US-Saadat et al. (2016) in addition to experimental data in their 
reliability analysis of slender stainless steel cross-sections subjected to combined 
loading of compression and bending. Formulations were developed by Anwar-Us-
Saadat et al. (2016) to tackle the conservatism shown by the current international 
codes in predicting resistances of slender sections. Another study used results from 
numerical analysis of slender stainless steel cross-sections in the reliability analysis 
(Ahmed et al., 2016). Their numerical analysis results were combined with test 
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results from literature and design guidelines were proposed for slender stainless steel 
cross-sections under compressive forces and flexural forces. Anbarasu and Ashraf 
(2016) proposed a modified design method for lipped channel steel sections. A 
reliability analysis was conducted using results from experiments and numerical 
analysis and it was observed that the proposed design equations ensured adequate 
safety. However, the reliability analysis conducted by Anbarasu and Ashraf (2016) 
has a limitation, as they did not consider the modelling error of the numerical 
analysis; these same limitations were found in the other previously mentioned studies 
(Rebelo et al., 2009; Anwar-Us-Saadat et al., 2016; Ahmed et al., 2016). 
A few studies have included the modelling error of the numerical analysis results in 
reliability analyses conducted using the method provided in Annex D of Eurocode 0 
(BSI, 2002) (Mirambell et al., 2012; Bock et al., 2015; Wang et al., 2016). However, 
none of these studies has considered the error due to the limited number of 
experimental data used to validate the accuracy of the numerical analysis. All these 
studies incorrectly assumed that infinite experimental results were used to validate 
the accuracy of the numerical analysis. Mirambell et al. (2012) proposed a new 
model for the resistance of steel plate girders subjected to patch loading, by 
modifying the existing formula used in Eurocode 3 – Part 1-5 (BSI, 2006b). The 
accuracy of this model was validated with the help of experimental results obtained 
from literature and numerical analysis, and partial safety factors were calibrated 
using reliability analysis. Similarly, partial safety factors were calibrated by Bock et 
al. (2015) for a new design model developed to accurately estimate the resistance of 
cold-formed stainless steel cross-sections. Numerical simulations were used to 
validate the accuracy of the resistance model. Wang et al. (2016) assessed the 
applicability of the classification limits provided in Eurocode 3 – Part 1-1 (BSI, 
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2005) and Eurocode 3 – Part 1-12 (BSI, 2007) to HSS cross-sections, using results 
from experiments and numerical analysis. Reliability analysis was conducted by 
Wang et al. (2016) to verify the reliability of the proposed cross-section classification 
limits. Although the modelling error of the FEA was considered by Wang et al. 
(2016), they did not consider the error due to the limited number of experimental 
data used to validate the accuracy of the numerical analysis. Mirambell et al. (2012) 
and Bock et al. (2015) also did not include this error. Unlike the previous studies, 
this study considers the error due to the limited number of experimental data used to 
validate the accuracy of the numerical analysis. 
2.5 Summary of the chapter 
As a summary of the review of research literature, the identified research gaps are as 
follows: 
1. Although significant research on the individual usage of RA or SF in concrete is 
available, only some researchers have explored the combination of using RA and 
SF in concrete (SFRRAC). Even among the previous experimental studies 
conducted on SFRRAC, most of the researchers have only performed material-
level testing (e.g., compressive test and split-tensile test). Experimental studies on 
the testing of full-scale SFRRAC beam members were rare, with the exception of 
the studies undertaken by Mirza et al. (2015), Zhang and Pei (2017) and Salman 
and Abdul-Ameer (2018), all of whom had used only a particular geometry of 
SFRRAC beams in their investigation. In this present study, SFRRAC beams of 
different geometries were experimentally investigated for their flexural behaviour 
under three-point bending. 
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2. There appears to be a lack of design models for new materials such as SFRRAC. 
Only with such design models and guidelines readily available, the construction 
industry can use the new materials in a consistent way for structural applications. 
The lack of design models for SFRRAC is due to the following reasons: 
a. Lack of analytical models that can predict the behaviour of full-scale 
SFRRAC specimens. 
b. Lack of experimental data of full-scale SFRRAC members and lack of 
numerical models of SFRRAC members such as FE models of 
SFRRAC members. 
3. A few researchers have performed reliability analyses on the mechanical 
performance of concrete containing RA or SF. However, these reliability analyses 
have the following limitations: 
a. The modelling uncertainties of the theoretical capacity prediction 
model used were not considered in any of the reliability analyses 
conducted on RAC or SFRC conducted previously, as they did not use 
any member-level test results. All these studies have an inherent 
deficiency as they neglect the modelling uncertainty; hence, the 
results are inaccurate. 
b. Reliability analyses studies were limited to either RAC or SFRC and 
none were performed on SFRRAC. This is the first study that 
develops a design model for the combined use of RA and SF in 
concrete, based on the experimental results and numerical results of 
full-scale SFRRAC members. 
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4. A limited number of studies have used the reliability analysis method provided in 
Annex D of Eurocode 0 (BSI, 2002) to develop design models for steel and steel-
concrete composite members. Some studies have used only experimental data in 
reliability analysis and numerical analysis results were not used. However, while 
some other studies have used numerical analysis results in their reliability 
analysis, most did not include the modelling error of the numerical analysis. In the 
few studies that considered the modelling error of the numerical analysis, the error 
was ignored, which was due to the limited number of experimental data used to 
validate the accuracies of the numerical analysis. This is the first study that 
considers both the modelling error of the numerical analysis and the error due to 
the limited number of experimental data used to validate the accuracy of the 
numerical analysis. 
In this chapter, a review of previous experimental investigations conducted on RAC, 
SFRC and SFRRAC was presented in Section 2.2. Section 2.3 reviewed the existing 
research on FEA of SFRRAC beams. In Section 2.4, existing studies on the structural 
reliability of RAC and SFRC were presented, along with the studies that have 
employed the reliability analysis method provided in Annex D of Eurocode 0 (BSI, 
2002). In the next chapter, a comparison of inverse reliability analysis methods 
including a method newly proposed in this study is presented, and reasons are 
offered for choosing the reliability analysis method provided in Annex D of 
Eurocode 0 (BSI, 2002) for the design model development in this study. 
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Chapter 3 Comparison and justification of reliability 
analysis methods for this study 
3.1 General 
There are different approaches available to solve the problem of structural reliability 
and capacity factor calibration. Section 3.2 of this chapter presents the first order 
reliability method (FORM), a forward reliability algorithm. Section 3.3 presents 
inverse reliability analysis methods that are based on FORM. The inverse-FORM 
algorithm developed by Der Kiureghian et al. (1994) and its limitations are discussed 
in Section 3.3.1.1. The BFGS-based inverse algorithm newly developed in this study 
is presented in Section 3.3.1.2. Numerical examples are used to explain the 
advantages of this algorithm over inverse-FORM. Section 3.3.2 presents the inverse 
reliability method provided in Annex D of Eurocode 0 (BSI, 2002). The advantages 
and limitations of these methods are compared in Section 3.4, and one is chosen for 
the design model development in this study. Section 3.5 provides a summary of this 
chapter. 
3.2 First Order Reliability Method (FORM) 
Cornell (1969) developed a reliability analysis method called the First Order Second 
Moment (FOSM) method. This method used the ratio of the mean value of the limit 
state random variable to its standard deviation to represent the reliability level of a 
structural member. This ratio is commonly known as the reliability index      . 
Although this method is simple to use, it has the following significant limitations: (i) 
there is no explicit relationship between       and the type of probability 
distribution of the variables, as       depends only on the first two moments, i.e., 
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the mean and the variance of random variables; (ii) the value of the reliability index 
      depends on the form of a limit state function. For example, if the limit state 
function is formulated as a ratio of load and resistance, instead of their difference, 
then the calculated reliability index       changes. 
To overcome this limitation, a new method called the Advanced First Order Second 
Moment (AFOSM) method was developed by Hasofer and Lind (1974). This method 
proposed the use of a reliability index that does not vary even if the form of the limit 
state function changes. It was further improved by Rackwitz (1976) and Rackwitz 
and Flessler (1978); hence, it is also called the Hasofer-Lind-Rackwitz-Flessler 
(HLRF) algorithm. Today, it is more commonly referred to as FORM by researchers. 
Various structural applications use the FORM for reliability analysis instead of 
Monte Carlo simulation, owing to its simplicity and superior computational 
efficiency (Lee and Moon, 2014; Kang and Kim, 2016). In FORM, the random 
variables representing the design parameters in the limit state function      and their 
statistical parameters are transformed to the standard normal space. The i
th
 random 
variable    is transformed to the standard normal form as shown below: 
    
      
   
                  (3.1) 
where    is the variable in its own space,     is the mean of   ;     is the standard 
deviation of   ; and    is the converted standard normal variable. Each variable in 
the limit state function is substituted by the corresponding standard normal variable. 
The limit state function in the standard normal space is given by               
and the reliability index     is defined in the standard normal space; this 
transformation is shown in Figure 3.1. 
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Figure 3.1 Limit state function in the original space and the standard normal space 
(Haldar and Mahadevan, 2000) 
As seen in Figure 3.1,     is defined as the minimum distance between the origin 
and the limit state surface in the standard normal space. The point on the limit state 
that is closest to the origin is called the most probable point (MPP) of failure or the 
design point. The design point represents the worst possible combination of the 
design parameter values that has the highest probability of failure.     is 
mathematically represented by the following equation: 
               , subject to the constraint                       (3.2) 
where    represents the design point vector. 
Using Lagrange’s multipliers,     is estimated by the following equation: 
      
   
  
  
   
      
   
  
   
       
                  (3.3) 
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where  
  
   
   is the ith partial derivative at the design point with coordinates 
(  
    
      
 ). The design point in the transformed coordinates is given by the 
following equation: 
  
                            (3.4) 
where    is the direction cosine given by the following formula: 
    
 
  
   
  
   
  
   
       
                                                                                                      (3.5) 
The design point is found using the following equation: 
  
                                                                                                             (3.6) 
Rackwitz (1976) formulated an iterative algorithm to find     and   
 . This algorithm 
linearly approximates the limit state at every search point and finds the distance from 
the origin to the limit state. The reliability index     calculated by this algorithm 
does not vary even if the form of the limit state function changes. Hence, it does not 
have the invariance problem, unlike      . This forward reliability algorithm, which 
is most commonly known as FORM, has been used as the basis to develop certain 
inverse reliability algorithms. The following section compares the advantages and 
limitations of different inverse reliability algorithms developed using FORM. 
3.3 FORM based inverse reliability methods for code calibration 
As explained in the previous section, FORM uses a forward reliability approach. In 
the standard normal space, each point represents a set of parameters (e.g., the 
strength of the material or dimensions of the structural member) used in the limit 
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state function     . The origin point corresponds to the mean values of these 
parameters. The distance of a point from the origin is called its reliability index, and 
it represents the reliability level associated with that point. In the forward reliability 
approach, the design point is found using an iterative procedure, and the distance 
between the design point and the origin is calculated as the reliability index. In the 
inverse reliability approach, the level of safety that is targeted is already decided 
before solving the problem. It is commonly represented by the target reliability index 
    
3.3.1 Inverse-FORM and BFGS-based inverse algorithm 
According to Der Kiureghian et al. (1994), the inverse reliability problem is defined 
as the problem in which   is an unknown parameter of the limit state function 
      . We wish to find   so that the reliability index matches a target value, 
i.e.,       . The inverse reliability problem is mathematically represented as 
follows: 
                           (3.7a) 
  
     
            
                                                                                         (3.7b)   
                                                                                                                   (3.7c) 
where    is a gradient operator with respect to  . There are different methods of 
inverse analysis available. Sections 3.3.1.1 and 3.3.1.2 present the inverse-FORM 
method proposed by Der Kiureghian et al. (1994) and the BFGS-based inverse 
algorithm newly developed in this study, respectively. 
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3.3.1.1 Inverse-FORM and its limitations 
Der Kiureghian et al. (1994) proposed an inverse reliability method based on FORM, 
called inverse-FORM, which uses a merit function and a step direction vector to find 
the design point using inverse reliability. The merit function has the two sub-
functions: the first sub-function ensures the convergence of the reliability index at 
the search point ( ) to the target reliability index (  ); and the second sub-function 
ensures that the search point converges to a point on the limit state boundary. The 
step direction vector has the two parts: the first part represents a direction vector 
towards the next values of the design variables in the subsequent iteration; and the 
second part represents a direction constant towards the next value of the unknown 
parameter in the subsequent iteration. 
The inverse-FORM method approximates the Hessian of the Lagrangian matrix used 
in the searching process as an identity matrix. A structural reliability problem is an 
optimisation problem, in which the point closest to the origin is found, subject to the 
condition that it lies on the limit state boundary       . This point is the design 
point, and it is found using an iterative optimisation procedure. A typical 
optimisation problem is defined by the following equation in which the minimum 
value of   (a function of variable  ) needs to be found at a point that satisfies the 
condition          (Periçaro et al., 2015). 
Minimise     , Subject to                       (3.8) 
where      is the objective function; and      is the constraint. The optimisation 
method follows an iterative procedure in which the objective function      is 
evaluated at different points that satisfy the constraint          and the least of 
52 
 
these values is taken as the solution to the problem. Periçaro et al. (2015) showed 
that the optimisation problem in Equation 3.8 could be solved by the method of 
Sequential Quadratic Programming (SQP). In SQP, at each iteration, the objective 
function      is replaced by a quadratic model and the constraint        is 
replaced by linear approximations, as shown by the following equation (Periçaro et 
al., 2015): 
Minimise           
 
 
         
           , 
Subject to                                (3.9) 
where    is the Lagrange multiplier at the kth iteration;    
          is the partial 
Hessian of the Lagrangian matrix at the k
th
 iteration;        is the transpose of the 
objective function at the k
th
 iteration;       is the value of the constraint at the kth 
iteration;       is the Jacobian of the constraint matrix;    is the step size of the 
iteration (           );       is the transpose of the step size; and L is the 
Lagrangian matrix for the optimisation problem, which is defined by the following 
equation: 
                                     (3.10) 
where      is the objective function;      is the constraint; and   is the Lagrangian 
matrix for the optimisation problem. In most of the engineering applications, it is not 
easy to compute the Hessian of the Lagrangian matrix (   
         ) in Equation 
3.9, and therefore it is generally approximated. The inverse-FORM algorithm 
proposed by Der Kiureghian et al. (1994) approximates the Hessian of the 
Lagrangian matrix (   
         ) as an identity matrix. 
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Inverse-FORM has some limitations. Inverse-FORM may converge slowly or even 
result in divergence for highly non-linear problems. Inverse-FORM is developed 
based on FORM that converges slowly or diverges for highly non-linear problems 
(Periçaro et al., 2015). This limitation of FORM is expected to have been carried 
over to inverse-FORM. Another limitation is that it does not have a clear basis if the 
target reliability index values used were derived from the corresponding forward 
analysis having a consistent assumption of the distribution type of the random 
variables. 
To improve the accuracy and speed of the forward reliability analysis method 
FORM, Periçaro et al. (2015) proposed a modification. The modified method uses 
the BFGS formula to calculate the Hessian of the Lagrangian, instead of 
approximating it as an identity matrix. This modification improves the computational 
speed as the lesser number of iterations are taken to converge at the final value. 
In the current study, the technique of using the BFGS formula to calculate the 
Hessian of the Lagrangian was applied to the inverse-FORM. The new inverse 
reliability algorithm that uses the BFGS formula, called the BFGS-based inverse 
algorithm is expected to be faster than the inverse-FORM; use of the BFGS formula 
increases the computational efficiency and solves the issues related to convergence 
as shown by Periçaro et al. (2015). The following section explains the BFGS-based 
inverse algorithm, which was newly developed as a part of this study. 
3.3.1.2 BFGS-based inverse algorithm developed in this study 
The objective of developing the BFGS-based inverse algorithm was to improve the 
computational efficiency of the iterative search process used in inverse-FORM, 
without compromising on the accuracy of the results. Similar to inverse-FORM, the 
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BFGS-based inverse algorithm also uses a merit function and search direction to find 
the design point using inverse reliability. However, this method uses the BFGS 
formula to calculate the Hessian of the Lagrangian, instead of using the identity 
matrix.  
The BFGS-based inverse algorithm uses an iterative approach in which the starting 
values for the design variable vector   and the unknown parameter   are selected as 
   and   , respectively. They are updated using the following equation until 
converged: 
 
    
     
   
   
   
                       (3.11) 
where    is the step size for the i
th
 iteration;   is the step direction vector;     and 
      are the values of   in the i
th
 and (i+1)
th
 iterations, respectively;     and       are 
the values of   in the ith and (i+1)th iterations, respectively. 
The step size    in Equation 3.11 is determined satisfying the following condition: 
                                     (3.12) 
where   is the merit function given by the following equation: 
                                            (3.13) 
where    and    are given by the following equations: 
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                (3.15) 
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where        is the limit state function and    is the BFGS matrix in the i
th
 
iteration. The BFGS matrix is assumed to be equal to the identity matrix in the first 
iteration. From the second iteration onwards, the following equation is used to update 
the BFGS matrix: 
    
     
      
    
 
  
    
    
 
  
 
      
 
    
 
  
 
      
 
  
     
        
 
    
 
  
          (3.16) 
where   
   and     
   are the inverse of the BFGS matrix in the i
th
 and (i+1)
th 
iterations, respectively;    and    are calculated using the following formula: 
                                      (3.17) 
                                                               (3.18) 
where    is calculated to be 
    
                    
   
    
          
   
            
                          (3.19) 
where          is the value of the limit state function in the i
th
 iteration; 
             is the value of the limit state function in the (i+1)
th
 iteration. 
The coefficient    in Equation 3.14 is calculated as follows: 
    
          
      
       
   
   
       
   
         
   
            
           
                      
           (3.20) 
where a value of 0.001 is used as the error tolerance to satisfy the conditions in 
Equations 3.7b and 3.7c. The step direction vector ( ) in Equation 3.11 is calculated 
as follows: 
                                   (3.21) 
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where   ,   ,    and    are calculated as follows: 
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                 (3.25) 
where    ,    ,     and     are calculated as follows: 
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It must be noted that the above set of equations would be the same as those used in 
inverse-FORM, if the identity matrix is used instead of the BFGS matrix. While 
developing the BFGS-based inverse algorithm, the technique of using the BFGS 
formula in every iteration to calculate the Hessian of the Lagrangian matrix was 
investigated initially. Although this technique improved the efficiency of the iterative 
search, it clearly affected the accuracy of the solutions. To show this in detail, the 
following numerical problem is considered. 
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Numerical Example 1: the limit state function is given by         =            
2 2+3 3  4+1.5. The variables  1,  2,  3 and  4 follow the standard normal 
distribution and are uncorrelated. The starting point is taken to be 0.2 for all the 
design variables             ) and 0.1 for the unknown parameter  . The value of   
is calculated to be 0.3671 in the forward analysis, but we assume that it is unknown 
in the inverse reliability analysis. The reliability index ( ) corresponding to this 
value of   is 2.0, and it is taken to be the target reliability index (  ) for the inverse 
reliability analysis. 
The inverse of the BFGS matrix determinant and the limit state function values are 
monitored in Table 3.1, in order to trace the convergence stability of the inverse 
BFGS matrix. Table 3.1 shows that the determinant of the inverse of Hessian is 1.0 
in the first iteration as an initial value; for the second to sixth iterations, the value 
stably converges from 1.42274 to 1.0, except for the third iteration. Due to this 
exception in the third iteration, the value of the limit state function         does not 
converge to zero in the fourth iteration, and this step impedes the convergence of the 
overall analysis; this is different from inverse-FORM. 
Table 3.1 Determinant of inverse of Hessian and value of the limit state function 
when the BFGS formula is used for Numerical Example 1 in every iteration. 
Iteration number 1 2 3 4 5 6 
Determinant of 
inverse of Hessian 
1.0 1.4227 1.7004 1.0497 1.0261 1.0009 
        2.1869 -0.0690 0.0256 0.0478 0.0138 0.0001 
To avoid such issues in the convergence of the overall analysis, a second technique 
was investigated while developing the BFGS-based inverse algorithm. Instead of 
using the BFGS formula in every iteration, the second technique uses the BFGS-
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based inverse algorithm until it meets a determinant value that is neither 1.0 nor 
converging towards 1.0. For the subsequent iterations, the BFGS update formula is 
neglected, and the inverse of Hessian is fixed as unity. Note that this checking 
process always starts from the third iteration step, as the second iteration step cannot 
provide a clear indication on the convergence or the divergence of the inverse of 
Hessian. 
The second technique is illustrated in the pseudo code described in Table 3.2. As 
shown in the pseudo code, a variable   is used in the second technique. The variable 
 ’s initial value is zero and remains as zero as long as the determinant of the BFGS 
matrix’s inverse is either 1.0 or converges towards 1.0. When the determinant 
diverges away from 1.0, the value of   is changed to one. For all subsequent 
iterations, the value of   is fixed as one, and the inverse of Hessian is fixed as the 
identity matrix. This approach improved the computational efficiency, without 
compromising the accuracy of the solution. 
Table 3.2 BFGS-based inverse algorithm using identity matrix in some iterations 
and BFGS matrix in the other iterations 
Select target reliability index   . 
Select the starting point values for   and   as    and   . 
     ;   is the iteration counter. 
     . 
  
   is fixed as the identity matrix for the first iteration (  
    ). 
 
REPEAT (while 
            
           
 
         
        
 
      ) 
1. Compute    and    using Equations 3.14 and 3.15, respectively. 
2. Compute    and    using Equations 3.22 and 3.23, respectively. 
3. Compute    and    using Equations 3.24 and 3.25, respectively. 
4. Compute the search direction vector ( ) using Equation 3.21. 
5. Compute the step size   based on Equation 3.12 by trying several values 
for  . 
6. Find      and       using Equation 3.11. 
7. If (    ) OR determinant of inverse of BFGS matrix diverges away from 
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1.0 
    ; 
fix the inverse of Hessian as identity matrix (  . 
else  
update inverse of Hessian as     
   using the BFGS update formula shown 
in Equation 3.16. 
END 
 
        . 
END 
When the second technique of the BFGS-based inverse algorithm is applied to the 
above-mentioned numerical example, the changes in the determinant of the inverse 
of Hessian, the logic flow and the action in each iteration are outlined in Table 3.3. 
The table shows that the inverse of Hessian is fixed to be the identity matrix from the 
third iteration for Numerical Example 1, according to the proposed process. By using 
inverse-FORM and the BFGS-based inverse algorithm, the results for   are 
estimated as 0.3669, and 0.3668 respectively, while the true solution is 0.3671. The 
inverse-FORM and the BFGS-based inverse algorithm show almost the same result. 
The results for   using these two methods are estimated as 2.0002 and 2.0003, 
respectively, while the true answer is 2.0000. The number of iterations required by 
the inverse-FORM and the BFGS-based inverse algorithm were 8 and 7, 
respectively. The computational efficiency of the BFGS-based inverse algorithm was 
better than that of the inverse-FORM. 
Table 3.3 Logic flow in each iteration of the BFGS-based inverse algorithm for 
Numerical Example 1 
Iteration 
number 
The 
determinant 
of the inverse 
of Hessian 
Is 
   
 ? 
Is 
   
    diverging 
away from 1.0? 
Action 
    The initial value of the 
inverse of 
Hessian is assumed to 
be the identity matrix. 
The initial value of k is 
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0. 
1 1.0 No No The BFGS update 
formula is used to 
update the inverse of 
Hessian. 
k remains unchanged. 
2 1.4227 No Yes The inverse of Hessian 
is fixed as the identity 
matrix. 
The value of   is 
changed to 1. 
3 1.0 Yes No need to check 
further. 
The inverse of Hessian 
is fixed as the identity 
matrix. 
  remains unchanged. 
4 1.0 Yes No need to check 
further. 
The inverse of Hessian 
is fixed as the identity 
matrix. 
  remains unchanged. 
5 1.0 Yes No need to check 
further. 
The inverse of Hessian 
is fixed as the identity 
matrix. 
  remains unchanged. 
6 1.0 Yes No need to check 
further. 
The inverse of Hessian 
is fixed as the identity 
matrix. 
  remains unchanged. 
7 1.0 Yes No need to check 
further. 
The inverse of Hessian 
is fixed as the identity 
matrix. 
  remains unchanged. 
Numerical Example 1 illustrates the calculation steps in the BFGS-based inverse 
algorithm and a comparison of its accuracy and computational efficiency against 
those of inverse-FORM. The accuracies and the efficiencies of inverse-FORM and 
BFGS-based inverse algorithm were further compared using 14 other numerical 
examples. All the 15 numerical examples were presented in Ramesh et al. (2017). 
Some of those numerical examples are presented in this thesis, as follows: 
Numerical Example 2: Problem modified from Der Kiureghian et al. (1994). A limit 
state function is given as         =                             . The 
variables    ,   ,    and    follow the standard normal distribution. The starting 
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point is 0.2 for all the design variables (         and   ) and 0.1 for the unknown 
parameter   . The solution for   is set to be 0.4291. The reliability index (  ) 
corresponding to this value of    is 2.0 in the forward analysis, and it is taken as the 
target reliability index (  ) for the inverse reliability analysis. 
Numerical Example 3: Problem modified from Grooteman (2008). A limit state 
function is given as         =           
         
 . The variable    follows 
the standard normal distribution. The starting points considered for    and   are 
equally zero. The solution for   is set to be 2.08. The reliability index (  ) 
corresponding to this value of   is 2.0 in the forward analysis, and it is taken as the 
target reliability index (  ) for the inverse reliability analysis. 
Numerical Example 4: Problem modified from Grooteman (2008). A limit state 
function is given as         =              
        . The variables 
                        and    follow the standard normal distribution. The 
starting points for   ,            and   are equally zero. The solution for   is set to 
be 15.2593. The reliability index ( ) corresponding to this value of   is 2.0 in the 
forward analysis, and it is taken as the target reliability index (  ) for the inverse 
reliability analysis. 
Numerical Example 5: Problem modified from Grooteman (2008). A limit state 
function is given as         =                                   
 . 
The variables    and    are normally distributed with mean values           
and standard deviations         . The starting points considered for   ,    and   
are   ,    and zero, respectively. The solution for   is set to be 2.5. The reliability 
index ( ) corresponding to this value of   is 2.5 in the forward analysis, and it is 
taken as the target reliability index (  ) for the inverse reliability analysis. 
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Numerical Example 6: A limit state function is given as          =           
                               . The variables    ,     and    are normally 
distributed with mean values            and        and standard deviations 
          and     . The starting points considered for   ,   ,    and   are 
  ,   ,    and zero, respectively. The solution for   is set to be 1.6941. The 
reliability index ( ) corresponding to this value of   is 1.0 in the forward analysis, 
and it is taken as the target reliability index (  ) for the inverse reliability analysis. 
Table 3.4 illustrates the comparison of the results when the following three 
approaches are applied: 
1. Using Inverse-FORM to approximate the Hessian of the Lagrangian as an 
identity matrix in every iteration. 
2. Using the BFGS formula to calculate the Hessian of the Lagrangian in every 
iteration. 
3. Using the identity matrix in the first few iterations and the BFGS formula in 
other iterations to find the Hessian of the Lagrangian. 
The values of the limit state function         the unknown parameter    the 
reliability index   are presented along with the number of iterations required by each 
algorithm to arrive at the solution. The numerical values of        and   presented 
under the True solution column represent the values of the limit state function and 
reliability index at the design point, which is estimated from forward reliability 
analysis using FORM. We assume that the value of the parameter   is known 
beforehand in the forward analysis. For this particular value of  , the design point 
and its associated reliability index   are estimated.  
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The number of iterations taken to arrive at the design point is not presented for the 
forward analysis, as the purpose of presenting Table 3.4 is to compare the 
computational efficiencies and accuracies of the different inverse approaches. To 
compare their accuracies, the values of        and   are used as the benchmark 
values and presented under the column named True solution. The values of        
and   obtained from each of the three inverse reliability algorithms are compared 
against the benchmark values. The value of the reliability index   obtained from the 
forward analysis is used as the target reliability index    for the inverse reliability 
approaches. The values of the reliability index   at the final solution point are 
presented under respective columns of each of the three inverse reliability 
approaches. 
Table 3.4 Comparison between inverse-FORM and BFGS-based inverse 
algorithm 
Problem Parameters 
compared 
True solution 
(from forward 
analysis) 
Inverse-
FORM 
BFGS-based algorithm 
BFGS 
formula used 
in every 
iteration 
BFGS 
formula used 
in some 
iterations 
1 Number of 
iterations 
- 8 6 7 
        0 0 0 0 
  0.3671 0.3669 0.3535 0.3668 
  2.0000 2.0002 2.0136 2.0003 
2 Number of 
iterations 
- 10 7 7 
        0 0 0.0038 0.0002 
  0.4291 0.4282 0.38427 0.4287 
  2.0000 2.0007 2.032 2.0003 
3 
 
 
 
Number of 
iterations 
- 4 3 3 
        0 0.4211 0.0730 0.0730 
  2.08 0.6986 2.0030 2.0030 
  2.0000 2.0003 1.9875 1.9875 
4 Number of 
iterations 
- 3 4 3 
        0 0.2535 0.0522 0.0550 
  15.2593 13.3816 14.8710 14.8457 
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  2.0000 1.9998 1.9962 1.9861 
5 Number of 
iterations 
- 2 2 2 
        0 0 0 0 
  2.5 2.5 2.5 2.5 
  2.5 2.5 2.5 2.5 
6 
 
Number of 
iterations 
- 119 4 108 
         0 0 0.1391 0 
  1.6941 1.6933 1.6515 1.6933 
  1.0 0.9997 0.8844 0.9997 
From the comparison of the three algorithms shown in Table 3.4, the following were 
observed in general: 
(i) When the BFGS formula is used in every iteration, the computational 
speed of solving the problem increases, compared to when inverse-FORM 
is employed; however, the accuracy of the solution decreases. 
(ii) When the BFGS formula is used in some iterations instead, the 
computational speed of the solution increases. More importantly, the 
accuracy of the solution is not compromised. 
The above conclusions are true when the problems involve limit state functions with 
standard normal or normal design variables. However, similar to inverse-FORM, 
BFGS-based inverse algorithm failed when it was applied to non-linear problems 
with lognormal variables. The solution converged to a point that is not on the limit 
state boundary. The following problem is an example: 
Numerical Example 7: A limit state function is given as         =       . The 
variables    and   , are lognormally distributed with mean values     38 and    
 54 and standard deviations     3.8 and     2.7. The variables are uncorrelated. 
The starting point considered for    is   , for    is    and for   is zero. The solution 
for   is set to be 1140. The reliability index ( ) corresponding to this value of   is 
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5.2126 in the forward analysis, and it is taken as the target reliability index (  ) for 
the inverse reliability analysis. 
The investigations demonstrate that the computational efficiency of BFGS-based 
inverse algorithm was generally better than that of inverse-FORM. However, BFGS-
based inverse algorithm does not guarantee convergence of highly non-linear 
problems. In addition, similar to inverse-FORM, BFGS-based inverse algorithm does 
not have a clear basis if the target reliability index values used were derived from the 
corresponding forward analysis having a consistent assumption of the distribution 
type of the random variables. Owing to these limitations, BFGS-based inverse 
algorithm could not be used for the design model development in this research. The 
inverse reliability analysis method provided in Eurocode 0 (BSI, 2002) that was used 
in this study is explained in the next section. 
3.3.2 Inverse reliability analysis method provided in Annex D of Eurocode 0 
(BSI, 2002) 
This section explains the inverse reliability analysis method adopted in this study to 
develop the design model for SFRRAC beam cross-sections under flexure, and this 
method is provided in Annex D of Eurocode 0 (BSI, 2002). Although this inverse 
reliability method is also based on FORM, it is much simpler than inverse-FORM 
and the BFGS-based inverse algorithm discussed in previous sections. This method 
was chosen because of the following reasons (Gulvanesian and Holicky, 2005; Kang 
and Kim, 2016): 
(i) The target reliability indices used in this method are based on a consistent 
assumption of the type of random distributions of load and resistance, 
unlike inverse-FORM and the BFGS-based inverse algorithm. 
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(ii) This method is based on the assumption that the strength or resistance of a 
material always has a positive value, but the load acting on the material 
has either a positive or negative value depending on its direction. These 
assumptions correspond to reality. Accordingly, the resistance of a 
structural member is assumed to follow a lognormal distribution, whereas 
the load acting on it is assumed to follow a normal distribution or Gumbel 
distribution. 
(iii) It is a statistical method that directly quantifies the modelling error of a 
theoretical capacity prediction model, by comparing the theoretical 
prediction with the corresponding experimental data. Hence, it can be 
used to calibrate the capacity factor for any structural member under any 
failure mode, if the corresponding theoretical prediction model and the 
experimental data are available. 
(iv) This method considers the random variables for load ( ) and resistance 
( ) separately, as explained in the following section. Hence, the capacity 
factors for resistance can be calibrated separately from the load, as the 
load factors in ultimate limit state are already available. 
3.3.2.1 Individual FORM sensitivity factors of load and resistance random 
variables 
In structural reliability, the value of the limit state function      depends on   (load 
effect) and   (member resistance). Using FORM, the random variables   and   can 
be considered separately, as shown in Figure 3.2. As shown in Figure 3.2, the two 
components -      and       represent the target reliability indices of load (   and 
member resistance    , respectively.    and    are the normal vectors for   and  , 
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respectively. In the case of FORM, they are also called FORM sensitivity factors. 
The respective values of    and    are assumed to be -0.7 and +0.8 (BSI, 2002) 
when the ratio of the standard deviation of load (  ) to the standard deviation (  ) of 
resistance is between 0.16 and 7.6. 
 
Figure 3.2 Random distributions of load and resistance considered separately in 
FORM (BSI, 2002) 
The limit state function, at the design point is given by the following equations: 
                               (3.30a) 
                      (3.30b) 
where    is the design load effect,    is the design resistance of the member,    is 
the characteristic load effect,   is the factor of safety applied to load effect,    is the 
characteristic resistance of the member, and   is the capacity factor applied to the 
member resistance in the design equation.  
Limit state boundary g(X):  
P : design point
O
O: average point
t
t
t
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The design values of action effect    and resistance    should be defined such that 
the probability of having an unfavourable value is as follows (BSI, 2002): 
                                                                                     (3.31a) 
                                                         (3.31b) 
where    is the target reliability index;    and    are the normal vectors for the load 
  and member resistance  , respectively; and    and    are design load and design 
member resistance, respectively. It should be noted that the values of    and    used 
in FORM are empirical values, and in reality,    and    vary with variation in γ, the 
factor of safety applied to the load (Gulvanesian and Holicky, 2005). Figure 3.3 
shows that, the magnitude of    decreases with an increase in the value of γ, and    
increases with an increase in the value of γ. These variations are not considered in 
FORM. 
 
Figure 3.3    and    as functions of   (Gulvanesian and Holicky, 2005) 
This study adopts a target reliability index of 3.8, which corresponds to the reliability 
class RC2 for a 50-year reference period (BSI, 2002). This reliability class 
corresponds to the consequence class CC2, which includes residential, office and 
public buildings where the consequences of failure are medium (BSI, 2002). This 
1 1.2 1.4 1.6
 
1
0.8
0.6
0.4
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target reliability index should be paired with a log-normally distributed resistance 
and a normally distributed load. The load factor and resistance factor used in the 
reliability method are based on the FORM sensitivity factors for load and resistance 
(   and   ), respectively.    is taken as -0.7 and    is taken as 0.8 according to 
Annex C of Eurocode 0 (BSI, 2002). The numerical value of the target reliability 
index (  ) adopted for material resistance in this study is      3.8 = 0.8   3.8 = 
3.04. The capacity factor for the ultimate moment-capacity of each beam (  ) is 
calculated using the following equation: 
   
   
   
                                                                                                                 (3.32) 
where     and     are the design and the characteristic capacity of the i
th
 beam, 
respectively and they are explained in the following sections. 
3.3.2.2 Calculation of design capacity 
The design moment-capacity of the i
th
 beam (   ) can be theoretically estimated 
using the moment-capacity prediction method for SFRRAC cross-sections, which is 
proposed in this study. This method includes the flexural tensile strength of 
SFRRAC. The following equation represents the formula used to calculate    . 
                                 
                        (3.33) 
where      is the theoretical moment carrying capacity of the i
th
 beam (estimated using 
the proposed moment-capacity prediction method);   is the bias correction factor;    
is the combined fractile factor of the i
th
 beam that accounts for the combined error 
due to the modelling error of the theoretical prediction model, the total parametric 
uncertainty in all the design parameters and the error due to the finite number of data 
used; and    is a coefficient. The ratio of the experimentally measured beam capacity 
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(  ) and the theoretically predicted capacity (  ) is modelled as a lognormal random 
variable. The mean of this lognormal random variable is represented by the bias 
correction factor  , as shown in the following equation. 
    
         
 
 
    
  
 
                                     (3.34) 
where     is the experimentally obtained moment carrying capacity of the i
th
 beam; 
and     is the theoretical moment carrying capacity of the i
th
 beam. The prediction 
error or the modelling error in the proposed moment-capacity prediction method for 
the i
th
 beam can be calculated as follows: 
     
   
      
                                                            (3.35) 
where    is the prediction error for the i
th
 beam;   is the bias correction factor;     is 
the moment carrying capacity of the i
th
 beam obtained experimentally;     is the 
moment carrying capacity of the i
th
 beam. The c.o.v. of the modelling error of the 
theoretical capacity prediction method is denoted by   , and it is calculated by taking 
the statistical coefficient of variation (c.o.v.) of            (the prediction errors for 
each of the nine SFRRAC beams), which are calculated using Equation 3.35. To 
account for the error due to the finite number of experimental data used, the design 
fractile factor    is used in the calculation of the combined fractile factor of the i
th
 
beam as shown by the following equation. 
    
       
         
  
   
                                                (3.36) 
where    is the design fractile factor corresponding to n = 9 (the number of test data) 
obtained from Annex D of Eurocode 0 (BSI, 2002);    = 3.04 is the target reliability 
index;      is the c.o.v. of the total parametric uncertainty in the i
th
 beam and 
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accounts for the uncertainty of all the parameters used (e.g., compressive strength of 
concrete, yield strength of steel, member dimensions);    is the c.o.v. of the 
modelling error of the theoretical capacity prediction method; and      is the c.o.v. of 
the combined modelling and parametric uncertainty in the i
th
 beam. The coefficient 
   used in Equation 3.33 is calculated using the following equation. 
             
                            (3.37) 
where     represents the c.o.v. of the combined modelling and parametric uncertainty 
in the i
th
 beam. 
3.3.2.3 Calculation of characteristic capacity 
The characteristic moment-capacity value     for the i
th
 beam can alternatively be 
used when the nominal design moment-capacity value      is not available. The 
characteristic moment-capacity     is calculated by entering the characteristic values 
of material strengths, in the capacity prediction method. The following equations 
represent the characteristic values of the compressive strength of concrete (     ) and 
the yield strength of the steel reinforcement bars (     ), respectively in the i
th
 beam, 
at 5% significance. 
                          
            
                                   (3.38) 
                                        
                        (3.39) 
where       is the characteristic value of concrete’s compressive strength at 5% 
significance for the i
th
 beam,      is the nominal value of the concrete’s compressive 
strength for the i
th
 beam, and        
 = 0.15 is the coefficient of variation (c.o.v.) of 
the concrete’s compressive strength (Johnson and Huang, 1994),       is the 
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characteristic value of the steel reinforcement bar’s yield strength at 5% significance 
for the i
th
 beam,      is the nominal value of the steel reinforcement bar’s yield 
strength for the i
th
 beam,         = 0.07 is the c.o.v. of the steel reinforcement bar’s 
yield strength (JCSS, 2001). The characteristic fractile factor (  ) at 5% significance 
is 1.64 and obtained from Annex D of Eurocode 0 (BSI, 2002). 
3.4 Comparison of the advantages and the limitations of the 
different inverse reliability methods 
The following table compares the advantages and the disadvantages of inverse-
FORM (Section 3.3.1.1) and BFGS-based inverse algorithm (Section 3.3.1.2) with 
those of the reliability analysis method provided in Annex D of Eurocode 0 (BSI, 
2002). 
Table 3.5 Advantages and disadvantages of inverse-FORM, BFGS-based inverse 
algorithm and the inverse reliability method provided in Annex D of Eurocode 0 
(BSI, 2002)  
Type of 
approach 
Reliability analysis method 
provided in Annex D of 
Eurocode 0 (BSI, 2002) 
Inverse-FORM and BFGS-
based inverse algorithm 
Advantages  The target reliability index 
used in this method is 
provided in consistency 
with the type of random 
distribution of the load and 
the resistance variables. 
 The assumptions of the 
FORM sensitivity 
factor for load (  ) and 
the FORM sensitivity 
factor for resistance 
(  ) are not used in 
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 As the load factor 
calibration and the capacity 
factor calibration are 
independent of each other, a 
change in either the load 
factor or the capacity factor 
will not affect the other. For 
example, if the load factor 
for live load on concrete 
structures needs to be 
recalibrated, the capacity 
factors of concrete 
members need not be 
recalibrated again. 
 This algorithm does not 
have any convergence issue 
irrespective of the type of 
distribution used. 
 This method does not 
require significant 
computational time 
compared to inverse-FORM 
and BFGS-based inverse 
algorithm. 
 The load and the capacity 
this method. Hence, the 
approximation of using 
the empirical values of 
   and    is avoided in 
this method. 
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factors are separately 
calibrated in this method. 
The load factor calibration 
does not need to be 
repeated when the load 
factors are already 
available. 
Limitations  The FORM sensitivity 
factors for load (  ) and the 
FORM sensitivity factor for 
resistance (  ) are 
approximated by empirical 
values. 
 The capacity factor of a 
single material can only be 
calibrated using this 
method. If two or more 
capacity factors need to be 
calibrated, assumptions or 
nonlinear optimisation 
should be introduced. 
 Any change in reliability 
levels due to a change in 
the load factors cannot be 
compensated by a direct 
 These algorithms may 
not converge for 
structural reliability 
problems with non-
linear limit state 
functions or lognormal 
parameters. 
 These methods do not 
provide target reliability 
indices that are well 
paired with the 
distribution types of 
random variables. 
 A more computational 
effort is required due to 
the evaluation of the 
limit state function in 
each iteration. 
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change in capacity factors, 
as there is no direct relation 
between load factors and 
capacity factors. The 
capacity factor calibration 
needs to be carried out 
again for the new reliability 
level. 
3.5 Summary of the chapter 
This chapter presented a comparison of inverse reliability analysis methods and 
provided the justifications for using the method provided in Annex D of Eurocode 0 
(BSI, 2002) in this study. Section 3.2 presented the basis of FORM. Section 3.3 
presented the following three different inverse reliability methods: inverse-FORM, 
the BFGS-based inverse algorithm newly developed in this study and the inverse 
reliability method provided in Annex D of Eurocode 0 (BSI, 2002). Section 3.4 
compared the advantages and limitations of these methods and justified the reasons 
for using the inverse reliability method provided in Annex D of Eurocode 0 (BSI, 
2002) in this study. 
 
 
 
76 
 
Chapter 4 Reliability analysis of SFRRAC beams based on 
existing experimental results 
4.1 General 
This chapter covers the following: (i) the proposal of a theoretical model that predicts 
the flexural moment-capacity of SFRRAC cross-sections, (ii) the reliability analysis 
carried out based on existing SFRRAC beam test results using the design resistance 
of SFRRAC and the characteristic resistance of NAC (iii) the estimation of the 
volume of SF content in a SFRRAC beam that makes it equivalent to a NAC beam in 
terms of flexural moment-capacity. Section 4.2 of this chapter presents the SFRRAC 
beam test results obtained from Mirza et al. (2015), which were used as the database 
to perform the reliability analysis. The reliability analysis was performed using the 
method provided in Annex D of Eurocode 0 (BSI, 2002) to calibrate capacity factors 
for SFRRAC under flexure. The reliability analysis presented in this chapter uses the 
design resistance of SFRRAC and the characteristic resistance of NAC. This is 
different from the capacity factor calibration presented later in Chapter 7, which uses 
the design resistance and the characteristic resistance of SFRRAC only. 
To carry out the reliability analysis, a theoretical moment-capacity prediction model 
is used to calculate the moment-capacity of SFRRAC. The existing theoretical 
moment-capacity prediction method for NAC cross-sections could not be used for 
SFRRAC cross-sections, as it does not include the effect of SF. To improve the 
accuracy of the theoretical calculation, an improved prediction model that includes 
the effect of SF has been proposed in Section 4.3. This model was used in the 
reliability analysis to obtain the results presented in Section 4.4. 
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4.2 Previous experimental testing of SFRRAC beams by Mirza et 
al. (2015) 
The test results from the experimental work carried out by Mirza et al. (2015) are 
presented in this section, and these results are used as a database for the reliability 
analysis carried out using the method provided in Annex D of Eurocode 0 (BSI, 
2002). The load capacities and the moment-capacities of the nine SFRRAC beams 
tested by Mirza et al. (2015) are summarised in Table 4.1. The beam fabricated with 
0% RA and 0.6% SF had the maximum moment carrying capacity, and the beam 
with no 0% RA and 0% SF had the minimum moment carrying capacity. 
The compressive strength of the mixes was measured on the 28
th
 day after casting 
and on the day of testing the beams, as listed in Table 4.2. The yield strength of the 
steel reinforcement bars used (   ) was 576 MPa. The elastic modulus of the steel 
used for the reinforcement (  ) was 2×10
5 
MPa. The width ( ) and depth ( ) of the 
concrete cross-section of all the beams were 450 mm and 600 mm, respectively. The 
effective depths of the tension reinforcement ( ) and compression reinforcement (  ) 
from the top of the cross-section were 550 mm and 50 mm, respectively, for all the 
beams. The volume of SF (  ) was 0% for Beams 1, 2 and 3; 0.3% for Beams 4, 5 
and 6; and 0.6% for Beams 7, 8 and 9, by volume of concrete. The percentage 
replacement of NA by RA was 0% for Beams 1, 4 and 7; 30% for Beams 2, 5 and 8; 
100% for Beams 3, 6 and 9. 
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Table 4.1 Ultimate capacities of SFRRAC beams with different SF and RA contents, 
sorted in decreasing order (Mirza et al., 2015) 
Beam 
Number 
Mix Name 
(RA content (%)-SF content (%)) 
Load  
(kN) 
Moment-
capacity (kN-m) 
7 0-0.6 680 476 
9 100-0.6 600 420 
5 30-0.3 600 420 
8 30-0.6 590 413 
4 0-0.3 590 413 
6 100-0.3 580 406 
2 30-0 550 385 
3 100-0 540 378 
1 0-0 535 375 
 
Table 4.2 Compressive test results for NAC and RAC mixes with SF 
Beam Mix 
RA content (%)-SF content in 
(%) 
28
th
 Day 
strength  
(MPa) 
Test day 
strength 
(MPa) 
Age 
(days) 
1 0-0 43.4 54.8 96 
2 30-0 41.2 46.0 102 
3 100-0 35.8 39.6 104 
4 0-0.3 52.2 54.0 106 
5 30-0.3 45.4 46.3 110 
6 100-0.3 35.5 44.0 112 
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7 0-0.6 53.1 56.0 120 
8 30-0.6 46.1 55.1 125 
9 100-0.6 45.7 52.5 127 
4.3 Newly developed theoretical model for predicting the flexural 
capacity of SFRRAC beams 
This section proposes a prediction model for the flexural resistance of SFRRAC 
beams by considering the effect of SF, and this model is used for the reliability 
analysis conducted in this research. The current structural design codes AS 3600 
(Standards Australia, 2009), ACI 318-11 (ACI, 2011) and Eurocode 2 (BSI, 2004) do 
not provide a prediction model to represent the effect of SF added to RC beams. The 
proposed model is used to predict the design strength of SFRRAC beams that meet 
the target reliability level. 
To calculate the flexural resistance of SFRRAC beams, it is important to know the 
following: (i) the stress-strain relation of concrete and (ii) how to add the effect of 
SF. Figure 4.1 shows the stress-strain diagram of a NAC beam that has a rectangular 
cross-section without SF (Bandyopadhyay, 2008). The depth of the neutral axis is 
denoted by    . The effective depths of the steel reinforcement in the compression 
and tension zones are represented by    and  , respectively. The ultimate strain in 
concrete is denoted by    .     and    represent the strains in the compression 
reinforcement and tension reinforcement, respectively. The characteristic 
compressive strength of concrete and the yield strength of steel are denoted by   
  and 
   , respectively. The stress-block parameters γ and   represent the strength factor 
applied to concrete and the depth of the stress-block, respectively. 
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The Linear Bending Theory of steel reinforced concrete beams that is based on 
Hooke’s Law neglects all the tensile stresses of concrete after the cracking of the 
cross-section. Hence, the concrete part below the neutral axis in a rectangular cross-
section (the unshaded region in Figure 4.1) is disregarded in strength and moment-
capacity calculations (Bandyopadhyay, 2008). In Figure 4.1, the compressive force 
in concrete (  ) acts at a depth of 0.5   from the top of the cross-section, and the 
compressive force in the compression reinforcement (  ) acts at a depth of  
  from 
the top. These forces are balanced by the tensile force in the tension reinforcement 
(  ), which acts at the depth of   from the top. 
 
Figure 4.1 Stress and strain diagrams of doubly reinforced concrete (NAC) beam 
with rectangular cross-section 
In SFRRAC, the added SF improves the tensile strength of the concrete matrix. The 
horizontally striped region below the neutral axis in Figure 4.2 represents the 
contribution of SFRRAC to the tensile strength of the beam. In this study, the tensile 
effects of SF have been considered to be uniform below the neutral axis. The effect 
of a detailed crack configuration is assumed to not influence the behaviour of SF, and 
this is deemed valid as the prediction model is found to be fairly accurate when 
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compared with the experimental data, as the error level between the theoretical 
predictions and their corresponding experimental values is only about five percent. 
Moreover, the remaining error between the predictions and the experimental 
observations has been estimated and included in the reliability analysis and the 
resulting capacity factor calibration method. 
Although the tensile strength of RAC is negligible, SF increases the load and 
moment carrying capacities of the SFRRAC beams by improving the tensile strength 
of SFRRAC. In addition to the forces shown in Figure 4.1, a tensile force 
representing the tensile strength of SFRRAC (        ) acts at a height of 
          from the bottom as shown in Figure 4.2. This study proposes an 
equation that represents this tensile strength of SFRRAC under flexure. 
 
Figure 4.2 Stress and strain diagrams of doubly reinforced concrete (SFRRAC) 
beam with rectangular cross-section 
To predict the enhanced strength of concrete when SF is added, the split-tensile 
strengths of SFRRAC obtained from the experimental studies conducted by 
Ghorpade and Sudarsana (2012) and Bhikshma and Manipal (2012) are employed, 
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which are shown in Table 4.3. The existing database of split-tensile strength of 
SFFRAC is later expanded in this study, using results from split-tensile tests 
conducted on 25 different SFRRAC mixes with different combinations of RA 
content and SF content. 
In the set of existing data considered, the SF content varies between 0% and 1.5% by 
the volume of concrete and the range of split-tensile strength is between 2.88 MPa 
and 6.91 MPa. Regression analysis is carried out on this experimental data to obtain 
an equation that represents the split-tensile strength of SFRRAC. Song and Hwang 
(2004) proposed an equation to estimate the tensile strength of SFRC and the basic 
form of the equation proposed in this study for SFRRAC shown in Equation 4.1 is 
developed by adopting their equation. The effect of RA was mainly considered in the 
concrete strength, and any remaining effect was included as a prediction error in the 
reliability analysis. 
                    
                                       (4.1) 
where        is the split-tensile strength of concrete,    
  is the compressive strength of 
concrete and    represents the volume of SF in the matrix. 
Table 4.3 Data for regression analysis to establish the equation representing the split-
tensile strength of SFRRAC 
Compressive 
strength of RAC 
without SF 
(MPa) 
SF content 
(% volume of 
concrete) 
Split-tensile 
strength of 
mix (MPa) 
Material Reference 
32.65 0 2.88 SFRRAC Bhikshma and 
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0.5 3.45 Manipal (2012) 
1 3.64 
1.5 3.75 
34.55 
0 3.12 
SFRRAC 
Bhikshma and 
Manipal (2012) 
0.5 3.93 
1 4.08 
1.5 4.24 
67.1 
0 4.98 
SFRRAC 
Ghorpade and 
Sudarsana 
(2012) 
0.5 5.94 
0.75 6.36 
1 7.11 
1.25 6.91 
The coefficient   is taken as 0.54 according to ACI 363R-84 (ACI, 1984). It is 
noteworthy that for the mixes with no SF in Table 4.3, the average value of   can be 
found to be 0.547. This value is almost equal to the value 0.54 prescribed in ACI 
363R-84 (ACI, 1984). A regression analysis is carried out against the split-tensile 
strength data in Table 4.3 to obtain coefficients   and   in Equation 4.1. The 
regression analysis results for coefficients   and   are obtained as 3.0451 and 
 1.5177, respectively. By plugging these values into Equation 4.1, the regression 
equation for the split-tensile strength of SFRRAC takes the following form: 
                                   
                                    (4.2) 
where        is the split-tensile strength of concrete in MPa,     
 is the compressive 
strength of concrete in MPa and    is the percentage volume of SF in concrete. It is 
important to note that Equation 4.2 is valid only when the volume of SF is less than 
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2%. The size of the database with 13 data entries used for the regression model is 
finite. However, with an increase in the number of data entries or an increase in the 
degrees of freedom in t-distribution, uncertainties decrease exponentially (Ang and 
Tang, 1984). 
In Equation 4.2, the first term (          denotes the individual contribution of the 
concrete matrix to the tensile strength of the member, in the pre-cracking phase. The 
other terms in Equation 4.2, i.e.,           and           
 , represent the individual 
contribution of SF and its interaction with the concrete matrix. According to the 
Linear Bending Theory of RC beams, all the tensile stresses of plain concrete after 
the cracking of cross-section are neglected (Bandyopadhyay, 2008). Hence, in the 
design of SFRRAC beams, the individual contribution of the plain concrete to the 
tensile strength in the post-cracking phase is neglected. 
A flexural moment is a moment couple that consists of axial compression and axial 
tension acting at different positions in the same cross-section. Hence, the direct axial 
tensile strength of concrete plays a vital role in design, whereas the split-tensile 
strength is of minimal importance. However, the direct tensile strength of concrete is 
difficult to measure experimentally; instead, the split-tensile strength of concrete is 
often measured. The axial tensile strength of a concrete mix (   ) in a beam is related 
to its experimentally measured split-tensile strength (      ) as follows (BSI, 2004):  
                               (4.3) 
where        is the split-tensile strength of concrete in a beam and     is the axial 
tensile strength of concrete in a beam. The flexural tensile strength of concrete 
(      ) is related to its axial tensile strength (   ) as follows (BSI, 2004):  
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                                                (4.4) 
where        is the flexural tensile strength of concrete, h is the depth of the beam in 
millimetres (600 mm in the study conducted by Mirza et al. (2015)) and     is the 
axial tensile strength of concrete. From Equations 4.2, 4.3 and 4.4, the relation 
between the flexural tensile strength of the SFRRAC matrix and the volume of SF is 
given by the following equation: 
                               
                (4.5) 
where        is the flexural tensile strength of concrete and    is the volume of SF in 
the matrix. This equation is adopted in the analysis to improve the theoretical model 
used to predict the moment-capacity of SFRRAC beam cross-sections under flexure. 
4.4 Capacity factors and reliability indices for the SFRRAC 
beams obtained using reliability analysis 
4.4.1 Statistical distributions of parameters 
The c.o.v of the parameters used in the limit state function are listed in Table 4.4. In 
Table 4.4,      and      denote the diameter of the bars in the compression and 
tension zone, respectively. The c.o.v. of    (depth of compression steel) is inferred to 
be 0.02 from the c.o.v. of   (depth of tension steel) (JCSS, 2001). The c.o.v. of the 
area of reinforcement in the compression and tension zones is 0.02 (JCSS, 2001). 
Based on this value, the c.o.v. of the diameter of reinforcement in the compression 
and tension zones,      and      are assumed to be 0.01. The c.o.v. of    is not found 
in the literature and is assumed to be 0.01. This small c.o.v. is valid because the 
variation in the capacity factor with the c.o.v. of    is very small and the capacity 
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factor calibration results are not particularly sensitive to the value of the c.o.v. of    
as shown in Section 4.4.7 of this chapter and further shown in Chapter 7. 
The correlation coefficients between the pairs of parameters are presented in Table 
4.5. Based on the correlation coefficient between the yield strength of steel     ) and 
the cross-sectional area of the reinforcement bars (  ), which is 0.5 (JCSS, 2001), 
the correlation coefficient between the yield strength of steel     ) and the diameter 
of the reinforcement bars (     or     ) is estimated from Monte Carlo simulations to 
be 0.5. The correlation coefficient between the compressive strength of concrete   
  
and the SF content    is 0.23 when the water-cement ratio of concrete is 0.35 and 
0.26 when the water-cement ratio is 0.55 (Lin et al., 2014); the more conservative 
value of 0.26 is adopted in this study. Moreover, it was checked and found that the 
difference between the two values is too small to affect the results. 
Table 4.4 c.o.v. of the parameters used in the limit state method 
Parameter c.o.v. Reference 
  
  0.15 Etxeberria et al., 2007b; Johnson and Huang (1994) 
    0.07 JCSS (2001) 
   0.03 JCSS (2001) 
  0.02 Lu et al. (1994) 
  0.01 Lu et al. (1994) 
  0.02 Lu et al. (1994) 
   0.02 Assumed based on the c.o.v. of   from Lu. et al. (1994) 
     0.01 JCSS (2001) 
     0.01 JCSS (2001) 
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   0.01 Assumed. Variation of capacity factor with c.o.v. of    
is presented in Sections 4.4.7 and 7.5.2 
Table 4.5 Correlation coefficients between the parameters used 
Parameters Correlation coefficient 
between the 
parameters 
Reference 
  and   0.12 JCSS (2001) 
  and   0.12 JCSS (2001) 
  and    0.12 JCSS (2001) 
   and      0.5 JCSS (2001); Monte Carlo simulation 
applied 
   and      0.5 JCSS (2001); Monte Carlo simulation 
applied 
  
  and    0.26 Lin et al. (2014) 
4.4.2 Capacity factors and reliability indices for NAC beam 
The capacity factor ( ) for Beam 1 (NAC) investigated by Mirza et al. (2015) 
corresponding to the target reliability index    = 3.04 is obtained from the reliability 
analysis conducted. It is found to be 0.8878, 0.8874 and 0.8824 when AS 3600 
(Standards Australia, 2009), ACI 318-11 (ACI, 2011) and Eurocode 2 (BSI, 2004) 
are used, respectively. The capacity factors are estimated using Equation 3.32, in 
which the design and characteristic moment carrying capacities (   ,    ) of Beam 1 
(NAC) are found using the flexural moment-capacity calculations provided in 
Eurocode 2 (BSI, 2004), AS 3600 (Standards Australia, 2009) and ACI 318-11 (ACI, 
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2011). The values of these capacity factors are approximately 0.885 for all the three 
international standards. For this calculation, the design fractile factor (  ) was 
obtained from Table D2 in Annex D of Eurocode 0 (BSI, 2002). The adopted value 
corresponds to the number of test data available (      ). If further data are 
collected, the design fractile factor will decrease and accordingly, the capacity factor 
of NAC will increase. 
The current capacity factor values used in the national standards are 0.8 (capacity 
factor) in AS 3600 (Standards Australia, 2009) and 0.9 (strength reduction factor) in 
ACI 318-11 (ACI, 2011). The equivalent capacity factor for the flexural moment-
capacity is 0.86 and is derived from the material partial safety factors used in 
Eurocode 2 (BSI, 2004). For NAC, the reliability indices that correspond to these 
capacity factors are inversely calculated as shown in Figure 4.3. From Figure 4.3, it 
can be seen that the reliability indices are 4.57, 2.83 and 3.42 for the current capacity 
factor values used in AS 3600 (Standards Australia, 2009), ACI 318-11 (ACI, 2011) 
and Eurocode 2 (BSI, 2004), respectively. 
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Figure 4.3 Reliability indices for NAC corresponding to the existing capacity factors 
in AS 3600 (Standards Australia, 2009), ACI 318-11 (ACI, 2011) and 
Eurocode 2 (BSI, 2004) 
4.4.3 Capacity factors and reliability indices for SFRRAC beams based on AS 
3600 (Standards Australia, 2009) 
This section discusses the variation of the capacity factor ( ) with respect to the 
reliability index ( ), for the nine beams. In the capacity factor calculation using 
Equation 3.32, the characteristic moment carrying capacity of the NAC beam (Beam 
1) is used as the characteristic value of all the beams. The design moment-capacity of 
the i
th
 beam (   ) is calculated using the prediction method proposed in Section 4.3. 
The reliability indices corresponding to the values of the capacity factors currently 
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followed in AS 3600 (Standards Australia, 2009), ACI 318-11 (ACI, 2011) and 
Eurocode 2 (BSI, 2004) are found. In Figure 4.4, the capacity factor with respect to 
the reliability index is plotted for AS 3600 (Standards Australia, 2009), for the NAC 
and RAC mixes without SF (Beams 1, 2 and 3). For each mix, the capacity factor 
linearly decreases with the reliability index. For a fixed capacity factor, the reliability 
index decreases with the RA content, as RA affects the mechanical performance of 
concrete. For NAC (Beam 1), the reliability index corresponding to the capacity 
factor of 0.8 in AS 3600 (Standards Australia, 2009) is 4.57. However, this index is 
lower for the other two mixes: 4.49 when the RA content is 30% (Beam 2), and 4.46 
when the RA content increases to 100% (Beam 3). At a constant level of reliability, 
the capacity factor is the highest for NAC and decreases as the RA content increases, 
as expected. This decrease in the value of the capacity factor represents the 
performance degradation of RAC with an increase in RA content. 
 
Figure 4.4 Reliability index corresponding to the existing capacity factor in AS 3600 
(Standards Australia, 2009) for Beams 1,2 and 3 
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Similar to Figure 4.4, Figures 4.5 and 4.6 show the variation in the capacity factor 
over a particular range of reliability indices when SF is added to the beams. Figure 
4.5 shows the reliability of both NAC and RAC mixes when the SF content is 0.3%. 
The reliability indices increased, compared to Figure 4.4 because the mechanical 
performance of concrete has been improved by the addition of SF. The difference in 
the reliability indices of RAC (with 100% RA) and NAC is significant for SF content 
of 0% and 0.3%, as shown by the large gap between the vertical lines in Figures 4.4 
and 4.5, respectively. This shows that the effect of RA is more dominant than the 
effect of SF at lower dosages of SF. However, for the mixes with SF content of 
0.6%, the difference is negligible, as shown by the closely spaced vertical lines in 
Figure 4.6. Thus, RAC and NAC are almost equally reliable at higher dosages of SF, 
as the effect of SF becomes dominant. In Figure 4.5, the reliability indices of the 
mixes with SF content of 0.3% are 7.29, 7.18 and 7.14 for RA content of 0%, 30% 
and 100%, respectively. In Figure 4.6, the reliability indices of the mixes with SF 
content of 0.6% are 9.28, 9.27 and 9.24 for RA content of 0%, 30% and 100%, 
respectively. 
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Figure 4.5 Reliability index corresponding to the existing capacity factor in AS 3600 
(Standards Australia, 2009) for Beams 4, 5 and 6 
 
Figure 4.6 Reliability index corresponding to the existing capacity factor in AS 3600 
(Standards Australia, 2009) for Beams 7, 8 and 9 
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4.4.4 Capacity factors and reliability indices for SFRRAC beams based on ACI 
318-11 (ACI, 2011) 
This section describes the change in the capacity factor ( ) with respect to the 
reliability index ( ), based on ACI 318-11 (ACI, 2011). The capacity factor of the ith 
beam (  ) is estimated using Equation 3.32, in which the design moment-capacity 
(   ) is calculated for each beam and the characteristic moment carrying capacity of 
the NAC beam (Beam 1) is taken as the characteristic value for each beam. The 
capacity factor linearly decreases with the increase in the reliability index for a given 
mix. For a fixed capacity factor, the reliability indices decrease with the RA content, 
as shown in Figure 4.7, as the inclusion of RA decreases the mechanical performance 
of concrete. As expected, if the capacity factor is fixed, NAC is more reliable than 
RAC. The reliability index corresponding to the capacity factor of 0.9 provided in 
ACI 318-11 (ACI, 2011), for NAC, is found to be 2.83. However, this index 
decreases to 2.74 when the RA content is 30% and further decreases to 2.71 when the 
RA content increases to 100%. For a fixed reliability index, the capacity factor is the 
highest for NAC, and it decreases as the RA content increases. This means that the 
addition of RA requires a more conservative capacity factor to meet the equivalent 
reliability level. 
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Figure 4.7 Reliability index corresponding to the existing capacity factor in ACI 
318-11 (ACI, 2011) for Beams 1, 2 and 3 
Figure 4.8 shows the capacity factor with respect to the reliability index according to 
different amount of RA, when the SF content is 0.3%. For all the mixes, the capacity 
factor linearly decreases with the reliability index. Once again, it was found that 
NAC has better mechanical performance than RAC, and the capacity factor is the 
highest for the NAC mix at a particular reliability level. The reliability indices 
corresponding to the existing value of the capacity factor of 0.9 provided in ACI 318-
11 (ACI, 2011) are estimated. The reliability indices of the mixes with SF content of 
0.3% are 5.23, 5.12 and 5.08 for RA content of 0%, 30% and 100%, respectively. 
The reliability indices of the mixes with SF content of 0.6% are 7.01, 7.00 and 6.96 
for RA content of 0%, 30% and 100%, respectively. 
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Figure 4.8 Reliability index corresponding to the existing capacity factor in ACI 
318-11 (ACI, 2011) for Beams 4, 5 and 6 
The SF content increases the reliability of both NAC and RAC mixes because it 
imparts better material properties. However, RA negatively affects the material 
properties, and the capacity factor applied to the design capacity decreases with the 
RA content to ensure safety. In Figures 4.7 and 4.8, a noticeable difference is 
observed between the reliability indices of RAC (with 100% RA) and NAC when the 
SF content is 0% or 0.3%; this difference represents the difference in the properties 
of RAC and NAC at lower dosages of SF when the effect of RA is significant. 
However, if the SF content is 0.6%, RAC and NAC are almost equally reliable as 
this difference becomes negligible as shown in Figure 4.9, because the effect of SF 
dominates over the effect of RA. 
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Figure 4.9 Reliability index corresponding to the existing capacity factor in ACI 
318-11 (ACI, 2011) for Beams 7, 8 and 9 
4.4.5 Capacity factors and reliability indices for SFRRAC beams based on 
Eurocode 2 (BSI, 2004) 
This section elaborates the changes in the capacity factor ( ) as the reliability index 
(β) changes, corresponding to Eurocode 2 (BSI, 2004). Equation 3.32 is used to 
calculate the capacity factor of the i
th
 beam (  ). The design moment-capacity of the 
i
th
 beam (   ) is estimated using design methods; however, the characteristic moment 
carrying capacity of the NAC beam (Beam 1) is taken as the common characteristic 
value of all beams (   ). Figure 4.10 shows that an increase in the RA content 
decreases the reliability indices if the capacity factor is maintained constant. For a 
fixed value of the capacity factor, NAC is more reliable than RAC. For NAC, the 
reliability index corresponding to the existing value of the capacity factor of 0.86 in 
Eurocode 2 (BSI, 2004) is 3.42. However, the reliability index decreases as the RA 
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content increases; it is 3.32 when the RA content is 30%, and it decreases to 3.28 
when the RA content increases to 100%. The capacity factor is the highest for NAC 
and decreases as the RA content increases at a constant level of reliability. 
 
Figure 4.10 Reliability index corresponding to the existing capacity factor in 
Eurocode 2 (BSI, 2004) for Beams 1, 2 and 3 
Figures 4.11 and 4.12 show the change in capacity factor with the change in the 
reliability index when the SF dosage is 0.3% and 0.6%, respectively. In these figures, 
at the same reliability level, the capacity factor is the highest for the NAC mixes with 
SF. The reliability indices corresponding to the existing value of the capacity factor 
of 0.86 in Eurocode 2 (BSI, 2004) are estimated. The reliability indices of the mixes 
with SF content of 0.3% are 5.93, 5.80 and 5.76 for RA contents of 0%, 30% and 
100%, respectively. The reliability indices of the mixes with SF content of 0.6% are 
7.78, 7.77 and 7.74 for RA contents of 0%, 30% and 100%, respectively.  
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The reliability of both NAC and RAC mixes increases with SF content. This increase 
in reliability is because of the improvement in the mechanical performance, due to 
the SF addition. On the other hand, RA negatively affects the mechanical 
performance of concrete, and the capacity factor decreases with the RA content to 
ensure adequate safety and the required conservatism. When the SF content is 0% 
and 0.3%, the difference in the reliability indices of 100% RAC and NAC becomes 
significant as shown in Figures 4.10 and 4.11, respectively. This is because the effect 
of RA is more dominant at lower dosages of SF. However, RAC and NAC are almost 
equally reliable for higher SF content, as the effect of SF dominates over the effect of 
RA (see Figure 4.12). 
 
Figure 4.11 Reliability index corresponding to the existing capacity factor in 
Eurocode 2 (BSI, 2004) for Beams 4, 5 and 6 
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Figure 4.12 Reliability index corresponding to the existing capacity factor in 
Eurocode 2 (BSI, 2004) for Beams 7, 8 and 9 
4.4.6 Optimum SF content for SFRRAC to achieve a similar flexural behaviour 
to NAC  
RA negatively affects the mechanical performance of SFRRAC beams and increases 
the probability of failure. On the other hand, the presence of SF improves the 
moment-capacity of SFRRAC beams. SF increases the strength capacity and 
improves failure in a pull-out mode. Table 4.6 shows the reliability indices of the 
nine beams normalised by that of Beam 1 (NAC beam). The meaning of these 
normalised reliability indices is that if the value is close to 1, the SFRRAC beam is 
equivalent to a normal RC beam. 
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Table 4.6 Reliability index ratio for the SFRRAC mixes with respect to NAC 
Contents of RA, 
SF in the mix 
AS 3600 
(Standards Australia, 2009) 
ACI 318-11 
(ACI, 2011) 
Eurocode 2 
(BSI, 2004) 
(0%, 0%) 1 1 1 
(30%, 0%) 0.981 0.967 0.970 
(100%, 0%) 0.975 0.957 0.960 
(0%, 0.3%) 1.593 1.846 1.732 
(30%, 0.3%) 1.569 1.807 1.696 
(100%, 0.3%) 1.561 1.793 1.683 
(0%, 0.6%) 2.029 2.475 2.275 
(30%, 0.6%) 2.027 2.471 2.272 
(100%, 0.6%) 2.020 2.457 2.262 
 
In Figures 4.13, 4.14 and 4.15, the ratio of the capacity factor of SFRRAC (with 
100% RA) to that of NAC is plotted, for different SF contents varying from 0% to 
0.3%. The capacity factor ratios vary almost linearly with the SF content. The 
optimal SF content corresponding to the reliability index ratio of 1.0 is estimated 
from Figures 4.13, 4.14 and 4.15 for AS 3600 (Standards Australia, 2009), ACI 318-
11 (ACI, 2011) and Eurocode 2 (BSI, 2004), respectively. The mechanical behaviour 
generated in RAC (with 100% RA) by SF content of 0.013% is similar to that of 
NAC, if AS 3600 (Standards Australia, 2009) is adopted in the design. This SF 
content becomes 0.014% and 0.016% when ACI 318-11 (ACI, 2011) and Eurocode 2 
(BSI, 2004) are used, respectively. If these SF contents are included in an SFRRAC 
beam, the beam becomes equivalent to a NAC beam. Linear interpolation is used to 
estimate the SF content in 100% RAC that generates similar flexural behaviour as 
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NAC, because both linear and quadratic interpolations are expected to provide 
similar values, as the SF content is close to 0%. 
 
Figure 4.13    vs      plot for the 100% RAC mix with respect to AS 3600 
(Standards Australia, 2009) 
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Figure 4.14    vs      plot for the 100% RAC mix with respect to ACI 318-11 
(ACI, 2011) 
 
Figure 4.15    vs      plot for the 100% RAC mix with respect to Eurocode 2 
(BSI, 2004) 
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The SFRRAC beam with 100% RA content and 0.3% SF content (Beam 6) has a 
lower overall material and fabrication cost than the NAC beam (Senaratne et al., 
2016). The decrease in the production cost of RAC counterbalances the additional 
expense of SF when all costs and benefits (including environmental benefits) are 
considered (Senaratne et al., 2016). Based on the results of Senaratne et al. (2016), it 
is important to note that the concrete mix with 100% RAC and the SF content of 
around 0.015% (much less than 0.3%) that is found to have the same level of flexural 
safety as NAC, as shown in the previous section, will entail lower fabrication costs 
than the NAC mix. 
4.4.7 Variation in capacity factor with c.o.v. of volume of SF  
To justify the assumption that the c.o.v. of    is 0.01, the variation in the average 
capacity factor of the nine beams with the c.o.v. of    is confirmed by checking the 
sensitivity of the reliability analysis result to this assumption. The observed change 
in the average capacity factors is negligible when the c.o.v. is varied from 0.01 to 
0.1, as shown in Figure 4.16. The average capacity factor varies between 1.0027 and 
1.0018 for AS 3600 (Standards Australia, 2009), between 1.0019 and 1.0010 for ACI 
318-11 (ACI, 2011) and between 0.9956 and 0.9947 for Eurocode 2 (BSI, 2004). 
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Figure 4.16 Variation in average capacity factor of beams with respect to the c.o.v. 
of    
For all the mixes considered in the study by Mirza et al. (2015), as expected, the 
capacity factors increased with a decrease in the reliability indices. For a fixed value 
of the capacity factor, the reliability indices increased with the SF content and 
decreased with the RA content. The decrease in the reliability index with the RA 
content was significant when the SF content was low: 0% and 0.3%. This decrease 
was almost negligible for the mixes with SF content of 0.6%. The capacity factors 
for NAC corresponding to the values of the reliability indices currently used in the 
design standards Eurocode 2 (BSI, 2004), AS 3600 (Standards Australia, 2009) and 
ACI 318-11 (ACI, 2011) were around 0.89 considering a finite number of data and 
the associated statistical error. In addition, the optimal SF contents in SFRRAC 
beams with 100% RA that make their flexural performance equivalent to that of 
NAC beam were estimated to be around 0.15% when using AS 3600 (Standards 
Australia, 2009), ACI 318-11 (ACI, 2011) and Eurocode 2 (BSI, 2004). 
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4.5 Summary of the chapter 
This chapter presented the results of the reliability analysis conducted using existing 
experimental data obtained by Mirza et al. (2015), who investigated the flexural 
behaviour of nine SFRRAC beams. With the availability of more experimental data, 
a more accurate capacity factor value can be calibrated. Additionally, Mirza et al. 
(2015) only considered the beam size of 450 mm × 600 mm × 3000 mm in their 
study. 
However, more beam sizes need to be investigated to arrive at a more realistic 
capacity factor for SFRRAC under flexure. In Chapter 5, 10 SFRRAC beams with 
different dimensions are further experimentally investigated for flexural behaviour. 
As more test results are required to develop a more accurate design model, the size of 
the test database is expanded by carrying out numerical analysis using FEA as shown 
in Chapter 6. The accuracy of the FEA is validated using the experimental results 
from Chapter 5, and the FEA results are used to generate numerical test data, which 
are used to further expand the test database. 
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Chapter 5 Experimental testing of SFRRAC specimens at 
material and member-levels  
5.1 General 
As mentioned in the previous chapter, Mirza et al. (2015) had investigated the 
flexural behaviour of nine SFRRAC beams, which had the same beam geometry of 
450 mm × 600 mm × 3000 mm. In order to arrive at a more generic capacity factor 
that can be used over a range of beam sizes in practice, experimental testing of 
SFRRAC beams of 10 different geometries is undertaken in this study. The 
geometries of these 10 beams include four different cross-sectional sizes and seven 
different beam lengths. To further improve the accuracy of the capacity factor 
calibration procedure, more beam test data is required. FEA is conducted on 
SFRRAC beams by further varying the geometry, to numerically expand the test 
database. The experimental results and the FEA results are used to calibrate capacity 
factor for SFRRAC under flexure, as explained later in Chapter 7. 
This chapter covers the experiments conducted on SFRRAC specimens. A material-
level testing program was conducted on 25 different SFRRAC mixes, as explained in 
Section 5.2. The split-tensile strength, the tensile stress-strain relation, the 
compressive strength, the compressive stress-strain relation, the toughness under 
compression and the elastic modulus of the 25 SFRRAC mixes were experimentally 
investigated. These 25 mixes were fabricated from combinations of five different 
volume fractions of SF, 0%, 0.3%, 0.5%, 0.7% and 1.0% and five different 
replacement proportions of NA by RA, 0%, 30%, 50%, 70% and 100%. The material 
test data from this investigation was analysed to find the optimum contents of RA 
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and SF, which was used in casting 10 full-scale SFRRAC beams, which were 
investigated for flexural behaviour under three-point bending. The casting, 
experimental testing and analysis of the SFRRAC beams are explained in Section 
5.3. 
5.2 Experimental testing on material Properties of SFRRAC 
mixes 
5.2.1 Fabrication and testing of SFRRAC cylinders 
5.2.1.1 Materials 
The RA used in this study was wetted using a water jet, two times daily for about 14 
days until mixing. This was to ensure that the pores in RA were filled with water 
prior to concrete mixing, so that RA did not absorb the water added during the 
mixing stage. This method was adopted based on suggestions from industry, after the 
previous trial of testing the material properties of SFRRAC mixes using dry RA 
failed due to the inconsistency of the results. This method showed consistent results 
with a visible trend in the relation between the material properties of SFRRAC and 
the contents of RA and SF. The SF used in this study had an average length of 60 
mm, a nominal diameter of 0.75 mm and an aspect ratio of 80. As shown in Figure 
5.1, its ends were hooked to provide better anchorage while resisting cracks. 
 
Figure 5.1 Hooked-end SF 
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5.2.1.2 Preparation of specimens 
During concrete mixing, the cement, fine aggregate and total coarse aggregate were 
mixed in the proportions of 717: 420: 1011 kg/m
3
 to form a dry mix. One-third of the 
total coarse aggregate volume contained 10 mm aggregates and two-third contained 
20 mm aggregates. Secondly, a solution of water (286 kg/m
3
) and 20 ml of 
superplasticiser was gradually added to the dry mix. The purpose of adding the 
superplasticizer was to ensure that the slump of the concrete mixes was between 80 
mm and 100 mm. Following this, SF was added to the wet mix. Using the above 
mixing procedure, 25 different concrete mixes were produced as follows: five 
different volume fractions of SF, 0%, 0.3%, 0.5%, 0.7% and 1.0% were combined 
with five different replacement proportions of NA by RA, 0%, 30%, 50%, 70% and 
100%. 
Each batch of SFRRAC mix was placed in nine 100 mm × 200 mm cylinder moulds 
and vibrated using a vibrating table to expel air voids. After one to two days, the set 
concrete cylinders were removed from their moulds and cured by spraying water 
three times daily for 28 days until testing. It must be noted that the cylinders were not 
immersed in a water tank; instead, they were sprayed with water to replicate the 
curing method used in a construction site. In each mix, nine cylinders were cast. Out 
of these nine cylinders, three cylinders were tested for split-tensile strength, three 
cylinders were tested for compressive strength and three cylinders were tested for 
elastic modulus. 
5.2.1.3 Test methods 
The split-tensile strength test and the compressive strength test were carried out 
following the procedures provided in AS 1012.10 (Standards Australia, 2014a) and 
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AS 1012.9 (Standards Australia, 2014b), respectively. The cylinders were loaded in a 
testing machine, as shown in Figures 5.2 and 5.3 until the failure occurred. The stress 
and the corresponding strain values were recorded to plot the split-tensile stress vs 
strain relation or the compressive stress vs strain relation. The elastic modulus test 
was carried out following the procedure provided in AS 1012.17 (Standards 
Australia, 2014c). In this test, the specimens were loaded until 40% of the average 
compressive strength and unloaded back to zero load using the test set-up shown in 
Figure 5.4. The cylinders were subjected to three and a half loading and unloading 
cycles. 
 
Figure 5.2 Split-tensile strength test set-up 
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Figure 5.3 Compressive strength test set-up 
 
Figure 5.4 Elastic modulus test set-up 
5.2.2 Results of material-level tests on SFRRAC 
In this section, the experimental results of the 25 different SFRRAC mixes are 
analysed. For simplicity, each mix is designated with a particular mix name; mix 
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name “X-Y” refers to the mix with X% replacement of NA by RA and Y% SF 
content by the volume of concrete. For example, the mix name 30-0.5 refers to the 
mix with 30% replacement of NA by RA and 0.5% SF content by the volume of 
concrete. Table 5.1 presents the mean split-tensile strength, the mean compressive 
strength and the mean elastic modulus of the SFFRAC mixes; each mean value 
represents the average test result of three cylinder specimens. In the following 
sections, the individual effects of RA and SF on the split-tensile strength, the 
compressive strength and the elastic modulus of SFRRAC are analysed in more 
details. 
Table 5.1 Mean values of the test results on SFRRAC for three cylinder tests 
Mix 
name 
RA 
content 
SF 
content 
Split-tensile 
strength 
    (MPa) 
Compressive 
strength 
   (MPa) 
Elastic 
modulus 
     (MPa) 
0-0  
 
0% 
0% 3.5 48.8 31621 
0-0.3 0.3% 4.6 39.0 25168 
0-0.5 0.5% 5.3 39.8 23827 
0-0.7 0.7% 6.0 47.4 25056 
0-1.0 1.0% 7.7 45.1 24370 
30-0  
 
30% 
0% 3.3 44.6 27397 
30-0.3 0.3% 4.4 46.4 25181 
30-0.5 0.5% 5.1 40.0 22745 
30-0.7 0.7% 7.1 44.4 22752 
30-1.0 1.0% 6.6 41.7 23285 
50-0  
 
0% 3.1 38.8 25093 
50-0.3 0.3% 4.2 42.3 24021 
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50-0.5 50% 0.5% 4.6 44.0 23180 
50-0.7 0.7% 5.6 43.1 21960 
50-1.0 1.0% 6.3 34.8 21704 
70-0  
 
70% 
0% 3.0 40.0 24256 
70-0.3 0.3% 4.1 41.8 23595 
70-0.5 0.5% 4.8 43.7 22514 
70-0.7 0.7% 6.3 43.4 22994 
70-1.0 1.0% 5.9 35.5 20720 
100-0  
 
100% 
0% 2.9 33.6 21240 
100-0.3 0.3% 4.0 40.3 21756 
100-0.5 0.5% 4.6 42.5 22440 
100-0.7 0.7% 5.6 41.9 21135 
100-1.0 1.0% 5.4 31.7 18280 
5.2.2.1 Behaviour of SFRRAC mixes under split-tensile load 
Figure 5.5 shows the variation of split-tensile strength of SFRRAC with RA content. 
The split-tensile strengths of most of the SFRRAC mixes are observed to decrease 
with RA content as shown in Figure 5.5. This is consistent with the observations of 
previous studies (Rao et al., 2011; Ghorpade and Sudarsana, 2012; Serifou et al., 
2013; Sivakumar et al., 2014). The exceptional trend of the split-tensile strengths of 
the mixes with 0.7% SF may be due to the variation in the orientation of fibres in 
these mixes, as the chance of non-uniform fibre orientation increases with increased 
fibre volume. Figure 5.6 shows the variation of split-tensile strength of SFRRAC 
with SF content. As seen from Figure 5.6, the split-tensile strength of SFRRAC 
mixes increases with the volume of SF (  ), from 0% up to 0.7%, irrespective of the 
amount of RA content in the mix. However, moving from 0.7% SF to 1.0% SF, a few 
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mixes show an increase in split-tensile strength while other mixes show a decrease in 
split-tensile strength. 
Such non-uniform results are expected in the region between 0.7% SF and 1.0% SF 
in Figure 5.6, due to non-uniform distribution of SF with some dense concentrations 
of SF, leading to an ineffective orientation of SF. In the mixes with 1.0% SF, the 
correlation between split-tensile strength and SF content is unclear, because the 
effect of SF lies in the balance between its crack-arresting effectiveness and the 
additional voids caused by its presence (Neves and De Almeida, 2005). In addition, a 
closer look of Figure 5.6 shows the combined effect of the following three individual 
effects: (i) increasing split-tensile strength of SFRRAC with SF content; (ii) the 
variations in the split-tensile strength of SFFRAC due to the ineffective orientation 
of SF at greater volumes; and (iii) decreasing split-tensile strength of SFRRAC with 
RA content. 
 
Figure 5.5 Mean split-tensile strength of SFRRAC mixes vs RA content 
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Figure 5.6 Mean split-tensile strength of SFRRAC mixes vs SF content 
This study proposes to use the following equation to find the split-tensile strength of 
SFRRAC.  
                 
         
                                                                       (5.1) 
where        is the split-tensile strength of SFRRAC,     
 is the mean compressive 
strength of control mix (0-0),     represents the percentage replacement of NA by 
RA and    represents the percentage volume of SF. Equation 5.1 contains terms that 
represent the individual effects of RA and SF on the split-tensile strength of 
SFRRAC. The relation between the split-tensile strength of SFRRAC and SF content 
is linear at smaller volumes of SF such as 0% and 0.3%, while it is quadratic at 
greater volumes of SF, as seen in Figure 5.6. To cover the overall range, a quadratic 
form is adopted, to represent the contribution of SF, as shown in Equation 5.1, 
similar to the one proposed by Song and Hwang (2004). Using this form of the 
equation and regression analysis on the split-tensile test data, the values of the 
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coefficients A, B, D, E and the exponent C are estimated. The value of C is found to 
be close to 1.0 and hence, the relation between split-tensile strength and RA content 
is adopted to be linear as shown by the variation in Figure 5.5. The equation for split-
tensile strength of SFRRAC has been proposed as follows: 
                                     
                                                 (5.2) 
For the SFRRAC mixes without RA, the peak tensile strength increased with the SF 
content. The peak split-tensile strengths of the mixes 0-0, 0-0.3, 0-0.5, 0-0.7 and 0-
1.0 are 3.5 MPa, 4.6 MPa, 5.3 MPa, 6.0 MPa and 7.7 MPa, respectively, as shown in 
Figure 5.7. Although 0-0 underwent brittle failure, other mixes underwent gradual 
ductile failures due to the presence of SF. The initial crack was observed at 3.84 
MPa, 4.57 MPa, 4.60 MPa and 4.63 MPa in 0-0.3, 0-0.5, 0-0.7 and 0-1.0, 
respectively. These observations show that SF helps in holding the specimen together 
from cracking and increases the tensile capacity of the specimen. Moreover, the post-
cracking behaviour and post-peak behaviour of SFRRAC are also affected by the 
amount of SF. 
Figure 5.7 shows the split-tensile stress vs strain diagrams for SFRRAC specimens 
with 0% RA. The mixes containing SF remain in the plastic state at peak stress, 
which represented by a plateau in the stress vs strain diagram as shown in Figure 5.7, 
while that of the mix without SF does not include this plateau. It is observed that the 
range of strain over which this plateau is distributed increases with SF content. This 
observation is one significant finding of this study, as previous studies did not 
emphasize the size of this ductile plateau in their tensile stress-strain models 
developed for SFRC. This ductile plateau represents the ability of SF to deform and 
yield at constant stress before it fails. The ultimate strains of 0-0, 0-0.3, 0-0.5, 0-0.7 
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and 0-1.0 are 0.0009, 0.0012, 0.0013, 0.0020 and 0.0029, respectively, as shown in 
Figure 5.7. From Figure 5.7, it can also be seen that the overall area under the stress-
strain plot increases and the descending part of the stress-strain plot becomes less 
steep with SF content as observed in previous studies (Van Chanh, 2004; Chunxiang 
and Patnaikuni, 1999; Boulekbache et al., 2012; Ou et al., 2011). These observations 
show that energy absorption, ductility and toughness under tensile load increase with 
SF. 
 
Figure 5.7 Tensile stress vs strain diagrams for SFRRAC with 0% RA 
The peak split-tensile strengths of the 30-0, 30-0.3, 30-0.5, 30-0.7 and 30-1.0 are 3.3 
MPa, 4.4 MPa, 5.1 MPa, 7.1 MPa and 6.6 MPa, respectively, as shown in Figure 5.8. 
30-1.0 has a slightly smaller tensile strength than 30-0.7, even though it has greater 
SF content. The smaller tensile strength is because more SF is oriented parallel to the 
cracks and the amount of extra voidage caused by SF is more predominant than its 
effective crack-bridging mechanism (Neves and De Almeida, 2005). 
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Figure 5.8 shows the split-tensile stress vs strain diagrams for SFRRAC specimens 
with 30% RA. The initial crack was observed at 3.58 MPa, 4.08 MPa, 5.33 MPa and 
4.30 MPa in 30-0.3, 30-0.5, 30-0.7 and 30-1.0, respectively. SF yields by a pull-out 
mechanism before its failure. Hence, crack-resistance and the load for the initial 
cracks increase with SF content. As seen in Figure 5.8, the width of the ductile 
plateau at peak stress increases with SF content showing that the increase in SF 
content helps in arresting cracks in the specimen over a greater range of strain. The 
ultimate strains of 30-0, 30-0.3, 30-0.5, 30-0.7 and 30-1.0 are 0.0009, 0.0012, 
0.0013, 0.0007 and 0.0019, respectively, as seen in Figure in 5.8. This observation 
shows that SF promotes ductile failure and improves toughness by absorbing greater 
amount of energy, as shown by previous studies (Ezeldin and Balaguru, 1992; Hsu 
and Hsu, 1994; Mansur et al., 1999; Nataraja et al., 1999; Bhargava et al., 2006; 
Bencardino et al., 2008; Ou et al., 2011). 
 
Figure 5.8 Tensile stress vs strain diagrams for SFRRAC with 30% RA 
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Figure 5.9 shows the split-tensile stress vs strain diagrams for SFRRAC specimens 
with 50% RA. The peak tensile strengths of 50-0, 50-0.3, 50-0.5, 50-0.7 and 50-1.0 
are 3.1 MPa, 4.2 MPa, 4.6 MPa, 5.6 MPa and 6.3 MPa, respectively, as shown in 
Figure 5.9. The initial crack was observed at 3.3 MPa, 3.77 MPa, 4.38 MPa and 5.04 
MPa in 50-0.3, 50-0.5, 50-0.7 and 50-1.0, respectively. Figure 5.9 shows that the 
ultimate strains of 50-0, 50-0.3, 50-0.5, 50-0.7 and 50-1.0 are 0.0006, 0.0008, 
0.0011, 0.0009 and 0.0026, respectively. Moreover, 50-1.0 remains in the plastic 
state at peak stress, for the longest period, undergoing the most strain and absorbing 
the maximum amount of energy, out of all the mixes. The above observations show 
that SF improves the peak tensile stress, the crack-resistance and the post-cracking 
behaviour of the specimens as it fails by a pull-out mechanism (Van Chanh, 2004; 
Chunxiang and Patnaikuni, 1999; Boulekbache et al., 2012; Ou et al., 2011). The 
hooked ends of the SF used in this study improve this pull-out mechanism as they 
provide anchors across cracks in the SFRRAC specimen. 
 
Figure 5.9 Tensile stress vs strain diagrams for SFRRAC with 50% RA 
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Fig 5.10 shows the split-tensile stress vs strain diagrams for SFRRAC specimens 
with 70% RA. The ultimate tensile strengths of 70-0, 70-0.3, 70-0.5, 70-0.7 and 70-
1.0 are 3.0 MPa, 4.1 MPa, 4.8 MPa, 6.3 MPa and 5.9 MPa, respectively, as shown in 
Figure 5.10. The decrease in tensile strength after 0.7% SF is due to the large density 
of SF within the specimen and its ineffective orientation. The initial crack was 
observed at 3.63 MPa, 4.21 MPa, 3.84 MPa and 4.26 MPa in 70-0.3, 70-0.5, 70-0.7 
and 70-1.0, respectively, indicating that more SF helps in arresting the progression of 
cracks within the specimen. In Figure 5.10, it is observed that 70-1.0 has the widest 
ductile plateau at peak stress. The ultimate strains of 70-0, 70-0.3, 70-0.5, 70-0.7 and 
70-1.0 are 0.0010, 0.0015, 0.0021, 0.0026 and 0.0056, respectively, as shown in 
Figure 5.10. These observations show that SF absorbs large amounts of energy, 
increases toughness and increases the ductility of SFRRAC, all of which are 
beneficial traits when it comes to serviceability. 
 
Figure 5.10 Tensile stress vs strain diagrams for SFRRAC with 70% RA 
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Figure 5.11 shows the split-tensile stress vs strain diagrams for SFRRAC specimens 
with 100% RA. Similar to the other series of mixes, the ultimate tensile strength 
increased with SF content for the SFRRAC mixes with 100% RA. The peak tensile 
strengths of the mixes 100-0, 100-0.3, 100-0.5, 100-0.7 and 100-1.0 are 2.9 MPa, 4.0 
MPa, 4.6 MPa, 5.6 MPa and 5.4 MPa, respectively, as shown in Figure 5.11. The 
decrease in tensile strength is due to the increasing uncertainty in the effective 
orientation of a large volume of SF. The initial crack was observed at 3.25 MPa, 4.0 
MPa, 4.61 MPa and 4.57 MPa in 100-0.3, 100-0.5, 100-0.7 and 100-1.0, respectively. 
The post-peak behaviour improved with SF content, as the ultimate strain increased 
with SF content (see Figure 5.11). The ultimate strains of 100-0, 100-0.3, 100-0.5, 
100-0.7 and 100-1.0 are 0.0008, 0.0015, 0.0020, 0.0025 and 0.0044, respectively. 
 
Figure 5.11 Tensile stress vs strain diagrams for SFRRAC with 100% RA 
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5.2.2.2 Behaviour of SFRRAC mixes under compressive load 
Figure 5.12 represents the compressive stress-strain plots of the mixes without RA, 
i.e., 0-0, 0-0.3, 0-0.5, 0-0.7 and 0-1.0. The areas under the stress-strain plots 
represent the corresponding toughness of the mixes. The toughness indices (    ) of 
the mixes were calculated by normalising these areas with respect to that of the 
control mix (0-0), as shown by the following formula: 
      
    
           
                                                            (5.3) 
where      is the toughness index of the mix considered;      is the area under the 
stress-strain plot of the mix considered;             is the area under the stress-strain 
plot of the control mix in that series (e.g., 0-0, 30-0, etc.). The      of 0-0, 0-0.3, 0-
0.5, 0-0.7 and 0-1.0 were 1.0, 1.31, 1.46, 1.90 and 2.02, respectively, showing that 
SF increases the toughness of concrete by arresting cracks. The strains at peak stress 
of 0-0, 0-0.3, 0-0.5, 0-0.7 and 0-1.0 were 0.21%, 0.24%, 0.24%, 0.29% and 0.26%, 
respectively; these strain values generally increase with SF as reported by Ou et al. 
(2011). The ultimate strain values for 0-0, 0-0.3, 0-0.5, 0-0.7 and 0-1.0 were 0.6%, 
0.94%, 0.96%, 1.07% and 1.22%, respectively, as shown in Figure 5.12. SF increases 
the ductility of the mixes, as it fails by a pull-out mechanism absorbing large 
amounts of energy (Song and Hwang, 2004). 
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Figure 5.12 Compressive stress vs strain diagrams for SFRRAC with 0% RA 
Figure 5.13 shows the compressive stress-strain diagrams for SFRRAC specimens 
with 30% RA. The      of 30-0, 30-0.3, 30-0.5, 30-0.7 and 30-1.0 were 1.0, 1.34, 
1.24, 1.48 and 1.5, showing that SF increases the toughness of these mixes. These 
indices are calculated using 30-0 as the control mix. Figure 5.13 shows that the 
strains at peak stress are 0.25%, 0.26%, 0.27%, 0.3% and 0.21%, for 30-0, 30-0.3, 
30-0.5, 30-0.7 and 30-1.0, respectively. The ultimate strains are 0.61%, 0.81%, 
0.78%, 0.81% and 1.44%, respectively. As observed, the ultimate strain of 30-0.3 is 
greater than that of 30-0. However, those of 30-0.5 and 30-0.7 are less than that of 
30-0.3 and equal to that of 30-0.3, respectively. The ultimate strain of 30-1.0 is the 
greatest. As SF fails by a pull-out failure mechanism, it increases the ductility and 
the energy absorption of the mixes. The      of these mixes (except 30-0.3) and the 
ultimate strain values of these mixes (except 30-0 and 30-1.0) are comparatively 
smaller than those of the mixes with 0% RA. 
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 Figure 5.13 Compressive stress vs strain diagrams for SFRRAC with RA 30% RA  
Figure 5.14 shows that the effect of SF on the compressive behaviour of the mixes 
with 50% RA is similar to its effect on the compressive behaviour of the mixes with 
0% RA and 30% RA. The      of 50-0, 50-0.3, 50-0.5, 50-0.7 and 50-1.0 calculated 
using 50-0 as the control mix were 1.0, 1.52, 1.63, 1.95 and 2.99. All of these values 
are greater than the      of the mixes with 0% RA and 30% RA. SF bridges cracks 
by pull-out mechanism, which is more ductile compared to the sudden failure of 
plain concrete. As a result, increases in strain values at peak stress and in ultimate 
strains with SF content are observed. The strains at peak stress are 0.22%, 0.26%, 
0.26%, 0.30% and 0.43%; and the ultimate strains are 0.55%, 0.69%, 0.78%, 0.89% 
and 1.5% for 50-0, 50-0.3, 50-0.5, 50-0.7 and 50-1.0, respectively. It is observed that 
the strain at the peak stress and the ultimate strain of 50-1.0 are greater than that of 
50-0 by almost twice and thrice, respectively. 
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Figure 5.14 Compressive stress vs strain diagrams for SFRRAC with 50% RA 
The compressive ductility and toughness of the mixes with 70% RA increased with 
SF, as shown in Figure 5.15. The      of the mixes 70-0, 70-0.3, 70-0.5, 70-0.7 and 
70-1.0 calculated using 70-0 as the control mix were 1.0, 1.21, 1.39, 1.67 and 1.77. 
The      of these mixes except 70-0.3 are greater than those of corresponding mixes 
with 30% RA. However, they are much smaller than the values of the corresponding 
mixes with 50% RA. The presence of SF in concrete increases its energy absorption 
capacity and ductility. As a result, the strain at peak stress and ultimate strain 
increased with the SF content, as shown in Figure 5.15. For 70-0, 70-0.3, 70-0.5, 70-
0.7 and 70-1.0, the strain values at ultimate stress were 0.23%, 0.26%, 0.27%, 0.31% 
and 0.37% respectively, and the ultimate strain values are 0.71%, 0.78%, 0.80%, 
0.98% and 1.12%, respectively. 
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Figure 5.15 Compressive stress vs strain diagrams for SFRRAC with 70% RA 
Figure 5.16 shows the compressive stress vs strain diagrams for SFRRAC specimens 
with 100% RA. Similar to the other series of mixes, SF increased the ductility and 
toughness of the 100% RAC mixes. The      of the mixes 100-0, 100-0.3, 100-0.5, 
100-0.7 and 100-1.0 calculated using 100-0 as the control mix were 1.0, 1.06, 1.44, 
1.57 and 2.05. The corresponding strains at ultimate stress are 0.23%, 0.25%, 0.29%, 
0.27% and 0.44%, respectively. Figure 5.16 shows that 100-1.0 had almost twice the 
strain at peak stress as that of 100-0. The ultimate strain values of 100-0, 100-0.3, 
100-0.5, 100-0.7 and 100-1.0 were 0.86%, 0.77%, 1.16%, 1.22% and 1.87%, 
respectively. The ultimate strains of these mixes are generally greater than the 
corresponding mixes with 0% RA. 
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Figure 5.16 Compressive stress vs strain diagrams for SFRRAC with 100% RA 
Figure 5.17 shows the Toughness Indices (T.I.) of SFRRAC mixes under 
compression. It is seen from Figure 5.17 that      generally increases with SF 
content. The mixes with 1.0% SF were the toughest. In addition, the mixes with 1.0% 
SF were generally the most ductile as they have the greatest ultimate strain values 
(see Figures 5.12-5.16). However, when the strain values at peak stress are 
compared, mixes with 0.7% SF showed better ductility than the mixes with 1.0% SF. 
This discrepancy is due to the orientation of fibres within a concrete specimen. With 
the increase in SF content, there is also an increase in the probability that more SF 
are oriented parallel to cracks, which make them ineffective in crack-arresting 
(Neves and de Almeida, 2005). 
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Figure 5.17 Variation of Toughness Index (    ) of SFRRAC mixes under 
compression vs SF content 
SF might decrease or increase the compressive strength of concrete (Neves and de 
Almeida, 2005). An addition of SF negatively affects the concrete matrix by 
developing additional voids. The positive or negative effect of SF on compressive 
strength depends on the effective crack bridging ability of SF and the additional 
voids caused by SF (Neves and Goncalves, 2000). In this study, the compressive 
strength of the SFRRAC mixes is observed to fluctuate with SF content (see Figure 
5.18). The compressive stress-strain plots in Figures 5.12-5.16 show that the effects 
of SF on the ductility and the toughness of SFRRAC mixes were more significant 
than its effect on the compressive strength of SFRRAC. These observations were 
consistent with those of earlier studies (Ezeldin and Balaguru, 1992; Hsu and Hsu, 
1994; Mansur et al., 1999; Nataraja et al., 1999; Bhargava et al., 2006; Bencardino et 
al., 2008; Ou et al., 2011). 
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Figure 5.18 Variation of mean compressive strength of SFRRAC mixes vs SF 
content 
Figure 5.19 shows the variation of the mean compressive strength for SFRRAC 
specimens with RA content. From the compressive test data, the mean compressive 
strengths of the five mixes without SF (0-0, 30-0, 50-0, 70-0 and 100-0) are observed 
to be 48.77 MPa, 44.63 MPa, 38.83 MPa, 39.97 MPa and 33.6 MPa, respectively. 
These compressive strength values of these mixes show a generally decreasing trend 
as confirmed by other researchers (Heeralal et al., 2009; Henry et al., 2011; Rao et 
al., 2011; Ghorpade and Sudarsana 2012; Serifou et al., 2013; Ravindrarajah, 1996). 
The compressive strength of the other 20 mixes generally decreased with RA 
content; however, there are a few exceptions (0-0.3, 0-0.5, 30-0.5, 70-0.7 and 70-1.0) 
as shown in Figure 5.19. These exceptions are due to the presence of SF in the mixes. 
The addition of SF negatively affects the concrete matrix by causing additional 
voids. The positive or negative effect of SF on compressive strength is seen as a 
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balance between its effective crack bridging ability and the additional voids it causes 
(Neves and Goncalves, 2000). 
 
Figure 5.19 Mean compressive strength of SFRRAC mixes vs RA content 
The equation representing the compressive strength of SFRRAC in terms of RA and 
SF contents is proposed as follows: 
     
      
         
                                                                                 (5.4) 
where    is the compressive strength of SFRRAC,     
 is the mean compressive 
strength of control mix (0-0),     represents the percentage replacement of NA by 
RA and    represents the percentage volume of SF. The above formula contains 
terms that represent the individual effects of RA and SF on the compressive strength 
of SFRRAC. The relation between the compressive strength of SFRRAC and SF 
content is adopted as quadratic, based on the variation shown in Figure 5.18. This 
form is similar to the form suggested by Song and Hwang (2004). From the variation 
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of compressive strength with RA content shown in Figure 5.19, neither a linear nor a 
quadratic form is seen clearly, and the exponent of the term representing RA content 
is adopted as a variable, C. 
Using this form of the equation and the regression analysis on the compressive test 
data, the values of the coefficients A, B, D, E and the exponent C are estimated. The 
final equation for the compressive strength of SFRRAC has been proposed as 
follows: 
                
                     
                                                     (5.5) 
The terms representing the contribution of SF in the above equation show a 
decreasing compressive strength with the addition of SF. The test results showed that 
SF may increase or decrease the compressive strength based on the balance between 
its crack-arresting effectiveness and the additional voids caused by its presence 
(Neves and de Almeida, 2005). Although the observations of this study are slightly 
different from the observations of Song and Hwang (2004), it should be noted that 
the number of test data used in the regression analysis in this study is much greater 
than that used in their study. 
5.2.2.3 Effect of RA and SF on the elastic modulus of SFRRAC mixes 
Figures 5.20 and 5.21 show the variation of elastic moduli of SFRRAC with SF 
content and RA content, respectively. The elastic modulus of SFRRAC mixes 
fluctuated with the volume of SF, as shown in Figures 5.20. This observation 
matches those of previous studies, which confirmed the very little correlation 
between elastic modulus and SF content (Ezeldin and Balaguru, 1992; Hsu and Hsu, 
1994; Mansur et al., 1999; Nataraja et al., 1999; Bhargava et al., 2006; Bencardino et 
al., 2008; Ou et al., 2011). From Figures 5.21, it can be seen that the elastic modulus 
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of the SFRRAC mixes is generally decreased with the RA content, as shown by other 
studies (Xiao et al., 2005; Henry et al., 2011; Rao et al., 2011; Sivakumar et al., 
2014). 
 
Figure 5.20 Variation of mean elastic moduli of SFRRAC mixes vs SF content 
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Figure 5.21 Variation of mean elastic moduli of SFRRAC mixes vs RA content 
The equation that represents the elastic of SFRRAC in terms of RA and SF contents 
is proposed as follows: 
               
         
                                                                      (5.6) 
where      is the elastic modulus of SFRRAC,    
  is the mean compressive strength 
of control mix (0-0),     represents the percentage replacement of NA by RA and    
represents the percentage volume of SF. The above formula contains terms for the 
individual effects of RA and SF on the elastic modulus of SFRRAC. The relation 
between the elastic modulus of SFRRAC and SF content is adopted as quadratic, 
based on the variation shown in Figure 5.20. 
The values of the coefficients A, B, D, E and the exponent C are estimated using this 
equation as the basis and by carrying out regression analysis on the elastic modulus 
test data. The value of C was found to be close to 1.0 and hence, the relation between 
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the elastic modulus and RA content is adopted to be linear as shown by the variation 
in Figure 5.21. The final equation for the elastic modulus of SFRRAC has been 
proposed as shown in the following equation: 
                                 
                                                 (5.7) 
From the experimental results, it was observed that the split-tensile strength, the 
compressive strength and the elastic modulus of SFRRAC mixes decreased with the 
RA content. The split-tensile strength and the toughness under compression 
increased with SF content. The compressive strength and the elastic modulus 
fluctuated with an increase in SF content. The aim of conducting this material testing 
program was to find the optimum mix proportion out of the 25 mixes tested, which is 
most suitable to fabricate SFRRAC flexural members. Out of all the mixes that 
contained RA, mix 30-0.7 was found to have the strongest concrete matrix in tension 
as it had the highest split-tensile strength. Hence, 30-0.7 was used to fabricate the 10 
SFRRAC beams, whose behaviour under flexure is discussed in the following 
section. 
5.3 Flexural behaviour of full-scale SFRRAC beams 
5.3.1 Fabrication and testing of SFRRAC beams 
This section covers the fabrication and testing methods adopted to experimentally 
investigate the behaviour of SFRRAC beams in this study. In total, 10 SFRRAC 
beams were cast using the optimum SFRRAC mix proportions and tested under 
three-point bending. The geometry of these 10 beams included four-different cross-
sectional dimensions and seven different beam lengths, thus covering a range of 
beam sizes. 
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The schematic diagram of these beams is shown in Figure 5.22, where   represents 
the overall length of a beam and   represents the effective length between supports. 
The values of   and   for each beam are shown in Table 5.2. The beam numbers 
represent the order in which the beams were experimentally tested. In each of the 
beams, four deformed bars of 12 mm diameter were used as compression 
reinforcement, and four deformed bars of 20 mm diameter were used as tension 
reinforcement. Three shear ties of 12 mm diameter were placed at intervals of 300 
mm, starting at a distance of 250 mm from each end, for shear reinforcement. 
 
Figure 5.22 Schematic diagram of beam 
Table 5.2 Dimensions of the SFRRAC beams cast and tested in this study 
Beam 
Number 
Width 
  (mm) 
Depth 
  (mm) 
Lengths 
Full length 
  (mm) 
Length b/w 
supports 
  (mm) 
1 300 400 3000 2600 
2 340 450 3000 2600 
3 375 500 3000 2600 
300 300 250
D
Length between the supports l
Full length of the beam L
Strain Gauges
N-12 Ties 4 N-12
4 N-20
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4 450 600 3000 2600 
5 300 400 3500 3100 
6 300 400 4000 3600 
7 300 400 4500 4100 
8 300 400 5000 4600 
9 300 400 2000 1600 
10 300 400 2500 2100 
 
The fabrication of the SFRRAC beams started with the preparation of the 
reinforcement cage, as shown in Figure 5.23. Shear ties were attached to the 
longitudinal bars using twisted steel wires with the help of the tying bit, shown in 
Figure 5.24. Once the cage was prepared, the surface of the bottom reinforcement 
bars was polished as shown in Figure 5.25. The polished surface of the reinforcement 
bars is highlighted in Figure 5.26. After polishing the bottom reinforcement bars, 
three strain gauges were attached to each of them, as shown in Figure 5.27. 
 
Figure 5.23 Preparation of reinforcement cage 
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Figure 5.24 Wire tying bit that was used to prepare the reinforcement cage 
 
Figure 5.25 Reinforcement bars being polished to obtain a smooth surface for 
attaching strain gauges 
 
Figure 5.26 Polished surface of reinforcement bars 
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Figure 5.27 Reinforcement cage attached with strain gauges 
Once prepared, the reinforcement cages were placed inside the formwork using 
chairs, as shown in Figure 5.28. The strain gauges were labelled for reference. 
Lateral steel wires were tied to the formwork shown in Figure 5.29 and plywood 
planks were attached on top of the formwork, to prevent lateral bowing of the 
formwork when concrete is poured (Figure 5.30). Following this, concrete was 
poured and vibrated to expel air voids as shown in Figures 5.31 and 5.32, 
respectively. Figure 5.33 shows a concrete beam after casting and curing, with the 
formwork removed and ready to be tested. 
 
Figure 5.28 Strain gauges labelled for reference 
Strain gauges
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Figure 5.29 Lateral steel wires tied across the formwork for retaining their shape 
 
Figure 5.30 Plywood planks attached to the formwork on top to prevent lateral 
bowing when concrete was poured 
 
Lateral steel wires
Plywood
planks
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Figure 5.31 Concrete being poured into the formwork 
 
Figure 5.32 Concrete being vibrated to expel air voids 
 
Figure 5.33 One of the SFRRAC beams after casting, formwork removal and curing 
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Prior to the day of testing, the test specimen was lifted by overhead crane into the 
loading machine on the strong floor of the laboratory and placed on roller supports 
that were clamped to prevent any movement prior to testing. The strain gauges were 
plugged into the data logger. Two Linear Position (LP) sensors, located underneath 
the midline of the beam at north and south locations were plugged into the data 
logger to measure the beams’ deflection (see Figure 5.34). A LVDT was fitted to the 
load machine to measure the stroke of the actuators so that an accurate measurement 
of deflection could be made. 
 
Figure 5.34 Experimental set-up for three-point bending test of beams 
On the day of testing, the loading structure was lowered onto the top of the specimen 
and roller supports were unclamped. Following this, the beam was loaded to 100 kN 
at a rate of 0.02 mm/s and unloaded to 5 kN at the same rate. This cycle was 
performed three times to ensure that the beam was stable. The beam was loaded to 
failure after it was determined to be stable. The load rate was kept at 0.02 mm/s and 
Supports
Load 
applied
LPs
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observations regarding the sighting of the first deflection and shear cracks were 
recorded on the experiment log pro forma. 
Once initial cracking occurred, the load rate was increased to 0.03 mm/s. Any 
significant observations, such as steel yield, load plateau and concrete failure were 
recorded with time, stroke and load as a reference. The load rate was increased when 
necessary and the beam was loaded until structural failure or deflection limits were 
reached. A spreadsheet with test data including load, deflection and strain values was 
produced for analysis. The next section presents the load-deflection plots and the 
visual crack configuration of all the beams tested. 
5.3.2 Results of experimental tests on control beam (NAC) and SFRRAC beams 
5.3.2.1 Control Beam (Beam 0): 300 mm × 400 mm × 3000 mm (NAC) 
The first beam tested was the control beam: Beam 0, and it was fabricated using 
NAC. It had cross-section width and depth of 300 mm and 400 mm, respectively. 
The length between the supports was 2600 mm. Figures 5.35 and 5.36 show the load-
deflection plot and the cracking configuration of Beam 0 after testing, respectively. 
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Figure 5.35 Load-deflection plot of Beam 0 
 
Figure 5.36 Crack configuration of Beam 0 after failure 
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During the testing of Beam 0, initial thin vertical cracks started appearing at a load of 
162 kN at the centre. Following this, another thin vertical crack appeared at 500 mm 
from the centre at a load of 190 kN. This was followed by the appearance of more 
thin vertical cracks near the centre until a load of 262 kN. As shown in the load-
deflection plot in Figure 5.35, the reinforcement steel started yielding around 265 
kN. Once the upper and lower yield points of steel were obtained, the load increased 
only for a further deflection of 2 mm, after which the load started dropping. A 
diagonal crack appeared at 500 mm from the centre, progressing diagonally towards 
the centre at a load of 270 kN. The ultimate load capacity of this beam was 273 kN. 
Once the ultimate load capacity of the beam was reached, the load started dropping 
gradually until 115 kN, after which there was a sudden drop in load. The maximum 
overall deflection for Beam 0 during the test was observed to be just less than 15 
mm. 
5.3.2.2 Beam 1: 300 mm × 400 mm × 3000 mm (SFRRAC) 
The first SFRRAC beam tested was 3000 mm long, with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
2600 mm. Figures 5.37 and 5.38 show the load-deflection plot of the beam and the 
cracking configuration of Beam 1 after testing, respectively. 
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Figure 5.37 Load-deflection plot of Beam 1 
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(b) 
Figure 5.38 Crack configuration of Beam 1 after failure 
When Beam 1 was tested under flexural load, initial vertical cracks started appearing 
at the centre, only at a load of 178 kN, 16 kN more than the load at which the first 
crack was observed in the control beam. Once the load was increased to 
approximately 250 kN, more vertical cracks appeared near the midline of the beam 
on both faces and this pattern continued until 308 kN when diagonal cracks started 
appearing. This load is about 14% higher than the load at which diagonal cracks 
appeared in the control beam, Beam 0. The load at which the reinforcement steel 
started to yield was 361 kN, which is much higher than the 265 kN load, at which 
reinforcement steel yielded in the control beam. The ultimate load capacity of this 
beam was 372 kN, which is 36% more than that of the control beam. The maximum 
overall deflection for this beam during the test was observed to be 61 mm, which was 
about four times the maximum deflection for the control beam.  
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As stated above, the load at which cracks occur in Beam 1 and the maximum load 
carrying capacity of Beam 1 hugely increased, compared to the control beam, due to 
the presence of SF. In addition, this beam underwent a more ductile failure compared 
to the control beam, as shown by the significant change in deflection between 15 mm 
and 50 mm, for a very small change in load in Figure 5.37. This highlights the effect 
of SF, which arrests cracks, as shown in Figure 5.38b and helps the beam in 
deflecting more at ultimate load. At this stage of the test, the effect of using hooked-
end SF was visible. The hooked-ends of the SF provided better anchorage and helped 
in arresting the cracks more effectively. 
5.3.2.3 Beam 2: 375 mm × 500 mm × 3000 mm (SFRRAC) 
The second SFRRAC beam tested was 3000 mm long, with a cross-section width and 
depth of 375 mm and 500 mm, respectively. The length between the supports was 
2600 mm. Figures 5.39 and 5.40 show the load-deflection plot of the beam and the 
cracking configuration of Beam 2 after testing, respectively. 
 
Figure 5.39 Load-deflection plot of Beam 2 
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During the testing of Beam 2, initial vertical cracks started appearing at a load of 223 
kN at the centre, followed by one more crack at 500 mm from the centre at a 232 kN 
load. Once the load was increased to about 438 kN, more vertical cracks appeared 
near the midline of the beam on both faces. The reinforcement steel started yielding 
at 476 kN load, as seen from Figure 5.39. Diagonal shear cracks started appearing at 
514 kN. The ultimate load capacity of this beam was 523 kN, and the maximum 
overall deflection for this beam during the test was 60 mm. As shown in the load-
deflection plot in Figure 5.39, there was a significant change in deflection, between 
20 mm and 50 mm, for a very small change in load. This highlights the effect of SF, 
which arrests cracks and improves the ductility of SFRRAC. 
 
Figure 5.40 Crack configuration of Beam 2 after failure 
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5.3.2.4 Beam 3: 415 mm × 550 mm × 3000 mm (SFRRAC) 
The third SFRRAC beam tested was 3000 mm long, with a cross-section width and 
depth of 415 mm and 550 mm, respectively. The length between the supports was 
2600 mm. Figures 5.41 and 5.42 show the load-deflection plot of the beam and the 
cracking configuration of Beam 3 after testing, respectively. 
During the testing of Beam 3, initial vertical cracks started appearing at a load of 370 
kN at the centre. Once the load was increased to about 507 kN, more vertical cracks 
appeared near the midline of the beam on both faces and this pattern continued until 
550 kN. The reinforcement steel started yielding at a load of 553 kN, as seen from 
Figure 5.41. The ultimate load capacity of the beam was 607 kN. The maximum 
overall deflection for this beam during the test was observed to be 68 mm. As shown 
in the load-deflection plot in Figure 5.41, there was a significant change in 
deflection, between 20 mm and 55 mm, for a very small change in load. This 
observation highlights the effect of SF, which arrests crack and improves ductility of 
SFRRAC. 
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Figure 5.41 Load-deflection plot of Beam 3 
 
Figure 5.42 Crack configuration of Beam 3 after failure 
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5.3.2.5 Beam 4: 450 mm × 600 mm × 3000 mm (SFRRAC) 
The fourth SFRRAC beam tested was 3000 mm long, with a cross-section width and 
depth of 450 mm and 600 mm, respectively. The length between the supports was 
2600 mm. Figures 5.43 and 5.44 show the load-deflection plot of the beam and the 
cracking configuration of Beam 4 after testing, respectively. 
 
Figure 5.43 Load-deflection plot of Beam 4 
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Figure 5.44 Crack configuration of Beam 4 after failure 
During the testing of Beam 4, initial vertical cracks started appearing at a load of 293 
kN at the centre. On increasing the load, more vertical cracks appeared near the 
midline of the beam on both faces and this pattern continued until 683 kN when 
diagonal cracks started appearing and steel reinforcement started yielding. The 
ultimate load capacity of this beam was 701 kN. The maximum overall deflection for 
this beam during the test was observed to be 59 mm. As shown in the load-deflection 
plot in Figure 5.43, there was a significant change in deflection, between 24 mm and 
46 mm, for a very small change in load. This highlights the effect of SF, which 
arrests cracks, thereby improving the ductility of SFRRAC. 
5.3.2.6 Beam 5: 300 mm × 400 mm × 3500 mm (SFRRAC) 
The fifth SFRRAC beam tested was 3500 mm long, with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
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3100 mm. Figures 5.45 and 5.46 show the load-deflection plot of the beam and the 
cracking configuration of Beam 5 after testing, respectively. 
 
Figure 5.45 Load-deflection plot of Beam 5 
 
Figure 5.46 Crack configuration of Beam 5 after failure 
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During the testing of Beam 5, initial vertical cracks started appearing at a load of 107 
kN at the centre. Once the load was increased to about 222 kN, more vertical cracks 
appeared near the midline of the beam on both faces and this pattern continued until 
274 kN when diagonal cracks started appearing. The steel reinforcement started 
yielding at 280 kN. The ultimate load capacity of this beam was 291 kN. The 
maximum overall deflection for this beam during the test was observed to be 62 mm. 
As shown in the load-deflection plot of Beam 5 in Figure 5.45, there was a 
significant change in deflection, between 17 mm and 60 mm, for a very small change 
in load. This highlights the effect of SF, which arrests crack and improves the 
ductility of SFRRAC. 
5.3.2.7 Beam 6: 300 mm × 400 mm × 4000 mm (SFRRAC) 
The sixth SFRRAC beam tested was 4000 mm long, with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
3600 mm. Figures 5.47 and 5.48 show the load-deflection plot of the beam and the 
cracking configuration of Beam 6 after testing, respectively. 
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Figure 5.47 Load-deflection plot of Beam 6 
During the testing of Beam 6, initial vertical cracks started appearing at a load of 125 
kN at the centre. Once the load was increased to about 194 kN, more vertical cracks 
appeared near the midline of the beam on both faces and this pattern continued until 
230 kN when diagonal cracks started appearing. The steel reinforcement started 
yielding at 248 kN as shown in Figure 5.47. The ultimate load capacity of this beam 
was 255 kN. The maximum overall deflection for this beam during the test was 
observed to be 90 mm. There was a significant change in deflection, between 42 mm 
and 90 mm, for a very small change in load, as seen in Figure 5.47. This highlights 
the effect of SF, which arrests cracks and improves the ductility of SFRRAC. 
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Figure 5.48 Crack configuration of Beam 6 after failure 
5.3.2.8 Beam 7: 300 mm × 400 mm × 4500 mm (SFRRAC) 
The seventh SFRRAC beam tested was 4500 mm long, with a cross-section width 
and depth of 300 mm and 400 mm, respectively. The length between the supports 
was 4100 mm. Figures 5.49 and 5.50 show the load-deflection plot of the beam and 
the cracking configuration of Beam 7 after testing, respectively. 
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Figure 5.49 Load-deflection plot of Beam 7 
 
Figure 5.50 Crack configuration of Beam 7 after failure 
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During the testing of Beam 7, initial vertical cracks started appearing at a load of 136 
kN at the centre. Once the load was increased to about 178 kN, diagonal cracks 
started appearing. The steel reinforcement started yielding at 204 kN. The ultimate 
load capacity of this beam was 215 kN. The maximum overall deflection for this 
beam during the test was observed to be 91 mm. As shown in the load-deflection plot 
in Figure 5.49, there was a significant change in deflection, between 35 mm and 91 
mm, for a very small change in load. This highlights the effect of SF, which arrests 
cracks and improves the ductility of SFRRAC. 
5.3.2.9 Beam 8: 300 mm × 400 mm × 5000 mm (SFRRAC) 
The eighth SFRRAC beam tested was 5000 mm long, with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
4600 mm. Figures 5.51 and 5.52 show the load-deflection plot of the beam and the 
cracking configuration of Beam 8 after testing, respectively. 
 
Figure 5.51 Load-deflection plot of Beam 8 
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Figure 5.52 Crack configuration of Beam 8 after failure 
During the beam test, initial vertical cracks started appearing at a load of 117 kN at 
the centre. Once the load was increased to about 155 kN, more vertical cracks 
appeared near the midline of the beam on both faces and this pattern continued until 
170 kN when diagonal cracks started appearing. The reinforcement steel started 
yielding at 179 kN. The ultimate load capacity of this beam was 184 kN. The 
maximum overall deflection for this beam during the test was observed to be 94 mm. 
As shown in the load-deflection plot of Beam 8 in Figure 5.51, there was a 
significant change in deflection, between 46 mm and 94 mm, for a very small change 
in load. This highlights the effect of SF, which arrests cracks and improves the 
ductility of beams. 
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5.3.2.10 Beam 9: 300 mm × 400 mm × 2000 mm (SFRRAC)  
The ninth SFRRAC beam tested was 2000 mm long, with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
1600 mm. Figures 5.53 and 5.54 show the load-deflection plot of the beam and the 
cracking configuration of Beam 9 after testing, respectively. 
 
Figure 5.53 Load-deflection plot of Beam 9 
During the testing of the ninth beam, the initial vertical cracks started appearing at a 
load of 264 kN at the centre. Once the load was increased to about 364 kN, more 
vertical cracks appeared near the midline of the beam on both faces and this pattern 
continued until 478 kN when diagonal cracks started appearing. The reinforcement 
steel started yielding at 611 kN. The ultimate load capacity of this beam was 637 kN. 
The maximum overall deflection for this beam during the test was observed to be 62 
mm. As shown in the load-deflection plot in Figure 5.53, there was a significant 
change in deflection, between 20 mm and 53 mm, for a very small change in load. 
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This highlights the effect of SF, which arrests crack and improves the ductility of 
SFRRAC. 
 
Figure 5.54 Crack configuration of Beam 9 after failure 
5.3.2.11 Beam 10: 300 mm × 400 mm × 2500 mm (SFRRAC) 
The tenth SFRRAC beam tested was 2500 mm long with a cross-section width and 
depth of 300 mm and 400 mm, respectively. The length between the supports was 
2100 mm. Figures 5.55 and 5.56 show the load-deflection plot of the beam and the 
cracking configuration of Beam 10 after testing, respectively. 
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Figure 5.55 Load-deflection plot of Beam 10 
 
Figure 5.56 Crack configuration of Beam 10 after failure 
During the testing of the tenth beam, initial vertical cracks started appearing at a load 
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cracks started appearing. The reinforcement steel started to yield at 449 kN. The 
ultimate load capacity of Beam 10 was 464 kN. The maximum overall deflection for 
this beam during the test was observed to be 57 mm. As shown in Figure 5.55, there 
was a significant change in deflection, between 12 mm and 48 mm, for a very small 
change in load. This highlights the effect of SF, which arrests crack and improves the 
ductility of the SFRRAC beam. 
5. 4 Summary of the chapter 
In this chapter, first, the material-level testing program that was conducted on 
different SFRRAC mixes was explained in Section 5.2. The key findings from the 
material-level experimental investigations are as follows: 
 Replacement of NA by 30% RA, 50% RA, 70% RA and 100% RA resulted 
in 6%, 11%, 14% and 17% decrease in the split-tensile strength, respectively. 
 Replacement of NA by 30% RA, 50% RA, 70% RA and 100% RA resulted 
in 9%, 20%, 18% and 31% decrease in the compressive strength, 
respectively. 
 Replacement of NA by 30% RA, 50% RA, 70% RA and 100% RA resulted 
in 13%, 21%, 23% and 33% decrease in the elastic modulus, respectively. 
 Increase in SF content improved the toughness and ductility of SFRRAC, as 
SF fails by pull-out mechanism, which is a steady failure that absorbs large 
amounts of energy compared to the brittle failure of NAC. 
 The split-tensile strength of SFRRAC increased with SF content when the SF 
content was between 0% and 0.7%. However, between 0.7% and 1.0%, it 
increased for some mixes but decreased for some other mixes, due to the 
increased probability of SF being oriented parallel to the cracks at higher 
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volumes, which makes it ineffective in arresting cracks (Neves and 
Goncalves, 2000). 
 The aim of this material testing program was to find the best mix proportion 
out of the 25 mixes tested that is most suitable to fabricate the SFRRAC 
beams. Out of all the mixes with RA content, mix 30-0.7 had the strongest 
concrete matrix in tension as it had the highest split-tensile strength. Hence, 
30-0.7 was used to fabricate the 10 SFRRAC beams experimentally tested. 
The key findings from the member-level testing of SFRRAC beams described in 
Section 5.3 are as follows: 
 Although Beam 1 and the control NAC beam (Beam 0) had the same 
geometry and steel reinforcement, the flexural behaviour of Beam 1 was 
better as it was fabricated with 30-0.7 mix that contained 0.7% SF by volume 
of concrete. The load at which the first crack appeared in Beam 1 was about 
10% more than the load at which the first crack appeared in the Beam 0. This 
observation shows the resistance of SF to crack development. 
 The load at which the longitudinal steel reinforcement started to yield in 
Beam 1 was 36.2% larger than the corresponding load in Beam 0. This 
observation shows that the presence of SF delays the yielding of the steel 
reinforcement as SF contributes to the flexural resistance of the beam. 
 The ultimate load capacity of Beam 1 was 100 kN more than that of Beam 0. 
This observation shows that the overall flexural capacity of the beams 
increases due to the presence of SF as SF carries extra load while arresting 
the crack development. 
 The maximum deflection observed in the control beam (NAC) was 15 mm. 
However, the maximum deflection of the corresponding SFRRAC beam was 
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58 mm. This observation shows that SF improves the ductility of the beam as 
they fail by pull-out mechanism, absorbing large quantities of energy. 
 When the cross-sectional dimensions of the SFRRAC beams were maintained 
constant, the moment-capacity decreased with an increase in length of the 
beam. This observation coincided with existing studies on the size effect of 
RC beams (Adachi et al., 1995; Kunieda et al., 2002; Lepech and Li, 2003). 
The results of the experimental testing conducted on the 10 SFRRAC beams were 
used as reference to validate the accuracy of the numerical analysis conducted using 
FEA, which is explained in detail in Chapter 6. The experimental results and the 
numerical results are combined and used for the capacity factor calibration and the 
design model development for SFRRAC cross-sections under flexure, which is 
explained in Chapter 7. 
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Chapter 6 Finite element analysis of SFRRAC beams 
6.1 General 
This chapter presents detailed information for modelling the flexural behaviour of 
SFRRAC beams using FEA. Section 6.2 presents the FE model development of 
SFRRAC beams. This includes the material properties of reinforcing steel and 
SFRRAC presented in Section 6.2.1; the type of finite element used in Section 6.2.2; 
and the boundary conditions for support and loading conditions in Section 6.2.3. 
In this study, FE models of the 10 experimental SFRRAC beams presented in 
Chapter 5 were developed and analysed for flexural behaviour under three-point 
bending. The FEA results are presented in Section 6.3. This was followed by a 
parametric analysis that was carried out to see the effect of varying the beam 
geometry on the flexural behaviour of SFRRAC beams. The results of this 
parametric analysis are presented in Section 6.4. 
6.2 Finite element model development for SFRRAC beams 
6.2.1 Material properties of reinforcing steel and SFRRAC  
6.2.1.1 Reinforcing steel properties 
The trilinear stress-strain model for steel reinforcement proposed by Loh et al. 
(2004a) shown in Figure 6.1 is used in this study. According to this model, the stress-
strain relationship for steel reinforcement is essentially the same as that of structural 
steel (Loh et al., 2004a). In this model, the compressive and tensile behaviour of steel 
is considered to be initially elastic after which yielding and strain hardening develop 
(see Figure 6.1). Other studies confirmed that this model accurately represents the 
behaviour of reinforcing steel (Mirza and Uy, 2009; Nguyen and Kim, 2009; Mirza 
and Uy, 2010; Mirza and Uy, 2011). The yield strength of steel reinforcement bars 
166 
 
used in this study was 500 MPa. Their ultimate strength was 640 MPa, and their 
elastic modulus was 200000 MPa. The reinforcement bars were embedded into the 
unreinforced concrete beam element as there was no concern of slip between the two 
materials, as suggested by similar studies (Mirza and Uy, 2009; Nguyen and Kim, 
2009; Mirza and Uy, 2010; Mirza and Uy, 2011). 
 
Figure 6.1 Stress-strain relationship for steel reinforcement (Loh et al., 2004a) 
6.2.1.2 SFRRAC properties 
NAC has a more complex material behaviour than other structural materials such as 
steel. The complex behaviour of NAC can be simulated in ABAQUS using either the 
concrete smeared cracking model proposed by Rashid (1968) or the Drucker-Prager 
model proposed by Drucker and Prager (1952) or the Concrete Damage Plasticity 
(CDP) model proposed by Lubliner et al. (1989). Among these models, the CDP 
model is the only model that has the ability to represent the complex inelastic 
behaviour of NAC in both compression and tension. 
The CDP model designed by Lubliner et al. (1989) represents the complex 
irreversible damage that occurs in NAC when it cracks. They suggested the use of 
the following parameters to represent the cracking behaviour of NAC: the dilation 
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angle of concrete ( ), the eccentricity of concrete ( ), the ratio of the compressive 
strength of concrete under biaxial loading to its uniaxial compressive strength 
(       ), the ratio of the second stress invariant on the tensile meridian to that on the 
compressive meridian of concrete (  ) and the viscosity parameter of concrete. 
Lubliner et al. (1989) and Lee and Fenves (1998) suggested that the values of these 
parameters shall be assumed as 30°, 0.1, 1.16, 0.67 and 0.0, respectively. 
In this study, the CDP model is used to simulate the behaviour of SFRRAC, which is 
also a non-homogeneous material like NAC. In addition to the damage parameters of 
the CDP model, material properties of SFRRAC such as its compressive stress-strain 
relationship, its tensile stress-strain relationship, its modulus of elasticity and its 
poisons ratio were input into ABAQUS. The poisons ratio of SFRRAC was assumed 
to be 0.2, similar to that of NAC (Gopalakrishnan et al., 1969). 
Wigg (2014) proposed the use of the compressive and tensile stress-strain 
relationships for SFRRAC shown in Figure 6.2, to simulate the behaviour of 
SFRRAC using ABAQUS. He conducted FEA of SFRRAC beams of size 450 mm × 
600 mm × 3000 mm and compared the FEA ultimate load capacity of these beams 
with their experimental ultimate load capacities obtained by Mirza et al. (2015). He 
found that the error between the experimental and the FEA ultimate load capacities 
was less than 10%, for the beam size investigated. 
To verify the validity of the stress-strain model for SFRRAC proposed by Wigg 
(2014) for different beam geometries, FEA of 10 SFRRAC beams having the 
dimensions shown in Table 6.1 was conducted in this study. The ultimate load 
capacities of these beams obtained from FEA were compared with the corresponding 
experimental values obtained from the experiment in Chapter 5. The average error of 
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FEA obtained from this comparison was more than 40% showing that the stress-
strain relationship for SFRRAC proposed by Wigg (2014) did not represent the exact 
behaviour of SFRRAC over a range of beam sizes. 
Table 6.1 Dimensions of the different SFRRAC beams analysed in FEA 
Beam 
Number 
Width 
B (mm) 
Depth 
D (mm) 
Length 
L (mm) 
1 300 400 3000 
2 340 450 3000 
3 375 500 3000 
4 450 600 3000 
5 300 400 3500 
6 300 400 4000 
7 300 400 4500 
8 300 400 5000 
9 300 400 2000 
10 300 400 2500 
In this study, the compressive stress-strain relationship, the tensile stress-strain 
relationship and the elastic modulus for SFRRAC were obtained from material-level 
tests conducted on SFRRAC cylinders. Nine SFRRAC cylinders of 100 mm diameter 
and 200 mm height were cast using the SFRRAC mix 30-0.7 that was used to cast 
the 10 full-scale SFRRAC beams presented in Section 5.3 of Chapter 5. Out of these 
nine cylinders, three cylinders were tested for split-tensile strength using the test 
procedure provided in AS 1012.10 (Standards Australia, 2014a), three cylinders were 
tested for compressive strength using the test procedure provided in AS 1012.9 
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(Standards Australia, 2014b) and three cylinders were tested for elastic modulus 
using the test procedure provided in AS 1012.17 (Standards Australia, 2014c). The 
elastic modulus of SFRRAC was found to be 34500 MPa, and the stress-strain 
relationship for SFRRAC under compression and tension obtained from these tests 
are shown in Figure 6.3. These results were input into ABAQUS as material 
properties of SFRRAC. 
 
Figure 6.2 Stress-strain model for SFRRAC adopted by Wigg (2014) and expected 
stress-strain relationship 
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Figure 6.3 Stress-strain relationship for SFRRAC obtained from material testing in 
this study 
6.2.2 Finite element type 
The FE models of the SFRRAC beams were developed using the following parts: the 
unreinforced SFRRAC beam, the longitudinal steel reinforcement bars in 
compression and tension and the shear steel reinforcement (shear stirrups). The 
unreinforced SFRRAC beam was modelled using a three-dimensional eight-node cell 
element (C3D8R) with eight nodes, three translational degrees of freedom, and a a 
linear approximation of displacement. This element is preferred over C3D8 because 
it uses a first-order reduced-integration technique to form the element stiffness in 
FEA, which increases the computational speed. The longitudinal and shear steel 
reinforcement were modelled using a three-dimensional two-node truss element 
(T3D2) with two nodes, three translational degrees of freedom, and a linear 
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approximation of displacement. This element type represents slender structures that 
have axial forces acting on them, as it helps in releasing the constraints in the axial 
direction.  
6.2.3 Boundary conditions for supports and loading applications 
The SFRRAC beam was modelled as a simply supported beam with roller supports at 
both ends as shown in Figure 6.4 to replicate the supports that were used in the 
experiment. The SFRRAC beams were subjected to three-point bending in the 
experiment. Figure 6.5 shows that these loading conditions were replicated in the FE 
model of the SFRRAC beams. The load type Static General was selected from the 
in-built ABAQUS archive (ABAQUS, 2011). 
 
Figure 6.4 Boundary conditions for beam supports in FEA 
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Figure 6.5 Loading conditions in FEA 
6.3 Results of FEA and comparison with experimental results 
6.3.1 Mesh-sensitivity analysis 
It is necessary that an appropriate mesh size is adopted in FEA. The mesh size used 
in FEA should be fine enough to provide detailed and accurate results. However, the 
mesh size should not be too fine as this leads to excessive computational time and 
slows down the analysis process. To find this optimum mesh size, a mesh-sensitivity 
analysis was undertaken in this study, using the following mesh sizes: 50 mm, 75 
mm, 100 mm, 125 mm, 150 mm, 175 mm and 200 mm. The ultimate loads of the 
SFRRAC beams obtained from FEA using these mesh sizes were compared with that 
obtained from the experiment. 
Figure 6.6 shows this comparison for the first beam out of the 10 SFRRAC beams 
that were experimentally tested in this study. The ultimate load capacity of Beam 1 
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obtained from FEA was 344 kN, 356 kN, 374 kN, 367 kN, 371 kN, 355 kN and 365 
kN when mesh sizes of 50 mm, 75 mm, 100 mm, 125 mm, 150 mm, 175 mm and 
200 mm were used, respectively. The ultimate load capacity of Beam 1 obtained 
from experiment was 372 kN, as previously discussed in Chapter 5. Figure 6.6 shows 
that the ultimate load capacity of Beam 1 in FEA was closest to the experimental 
ultimate load capacity when the mesh size was 150 mm. The dimensions of Beam 1: 
300 mm × 400 mm × 3000 mm were considered as the control dimensions in this 
study because the flexural behaviour of SFRRAC was compared against that of NAC 
for this geometry. 
The dimensions of Beams 2−10 were chosen by varying the cross-sectional 
dimensions and the length of Beam 1. With change in such beam geometries, the 
mesh size in FEA that generated the most accurate results in terms of ultimate load 
also varied. To choose a constant mesh size for all the beams, a sensitivity analysis 
was undertaken by varying the mesh size. Mesh sizes of 50 mm, 75 mm, 100 mm, 
125 mm, 150 mm, 175 mm and 200 mm were adopted in the sensitivity analysis and 
the average error between the ultimate load capacities obtained from FEA and the 
experiment for all the beams was found for each mesh size. From the sensitivity 
analysis, it was found that this average error was the least, when a mesh size of 150 
mm was used. The average error between the FEA ultimate load capacities and the 
experimental load capacities of Beams 2−10 was less than 5% when the mesh size of 
150 mm was used. This mesh size was used throughout the FEA conducted in this 
study. The next section compares the load-deflection plots of the 10 SFRRAC beams 
obtained from FEA with the corresponding experimental load-deflection plots. 
174 
 
 
Figure 6.6 Mesh-sensitivity analysis for Beam 1 
6.3.2 Comparison of load-deflection plots obtained from FEA and experiment 
Figure 6.7 shows a comparison of the FEA load-deflection plot for Beam 1 against 
that obtained from experiment. The stiffness of Beam 1 shown by the slope of the 
elastic region in the load-deflection plot obtained from FEA is greater than that 
obtained from experiment. This is because the FEA assumes a constant and uniform 
elastic modulus of SFRRAC throughout the loading phase. However, in reality, this 
value decreases when the specimen starts cracking, as shown by the experimental 
plot in Figure 6.7. 
The ultimate load capacity of Beam 1 under three-point bending in FEA was 371 kN, 
which was almost equal to the experimental ultimate load capacity of 372 kN. The 
plastic regions of both the experimental and FEA load-deflection plots show a ductile 
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failure. This is due to the positive effect of crack bridging by SF and the ability of SF 
to absorb a large amount of energy before it fails. 
 
Figure 6.7 Comparison of load vs deflection plots of Beam 1 from experiment and 
FEA 
Figure 6.8 shows a comparison of the FEA load-deflection plot for Beam 2 against 
that obtained from the experiment. This comparison shows that the experimental 
stiffness of Beam 2 is less than the stiffness estimated by FEA. This is due to the 
assumption of FEA that the elastic modulus of SFRRAC remains constant. However, 
in reality, cracks start appearing in the SFRRAC specimen when load increases. The 
development of the cracks decreases the elastic modulus of SFRRAC. The ultimate 
load capacity of Beam 2 obtained from FEA was 526 kN, slightly greater than the 
corresponding experimental value of 523 kN. The experimental load-deflection 
graph shows a ductile failure. This is due to the ability of SF to undergo large 
deformations, which helps in absorbing large quantities of energy. The FEA result 
also indicates a ductile failure, as the material properties of SFRRAC that were input 
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into ABAQUS include the effect of SF addition on the stress-strain relationship of 
SFRRAC. 
 
Figure 6.8 Comparison of load vs deflection plots of Beam 2 from experiment and 
FEA 
The experimental load-deflection plot of Beam 3 is compared with the load-
deflection plot obtained from FEA, in Figure 6.9. The experimental stiffness of Beam 
3 represented by the initial slope of the experimental load-deflection plot is lower 
than that obtained from the FEA. This observation shows that the elastic modulus of 
SFRRAC is assumed a constant value in FEA. However, this value decreases in the 
experiment due to cracks. Hence, the stiffness of the beam obtained from the 
experimental plot has a comparatively lesser value. The ultimate load capacity of 
Beam 3 obtained from FEA was 633 kN, 4.3% higher than the experimental load-
capacity of 607 kN. The experimental load-deflection plot shows that the failure of 
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Beam 3 was ductile due to the presence of steel fibres, which yield and fail gradually 
compared to the sudden failure of plain unreinforced concrete. 
 
Figure 6.9 Comparison of load vs deflection plots of Beam 3 from experiment and 
FEA 
A comparison of the load-deflection plots of Beam 4 obtained from the experiment 
and the FEA shows that the stiffness of Beam 4 estimated by the FEA is higher than 
that estimated by the experimental investigation (see Figure 6.10). This is due to the 
decrease in elastic modulus of SFRRAC with load in reality. A constant value of 
elastic modulus of SFRRAC is assumed in FEA. The ultimate load capacity of Beam 
4 obtained from FEA was 724 kN, 3.3% greater than the experimental ultimate load 
capacity of 701 kN. Beam 4 had the highest ultimate load capacity among all the 
beams, both in FEA and experiment. Beam 4 failed by ductile mechanism in both 
experiment and FEA, as shown by the plastic region of the load-deflection plots. This 
0 
100 
200 
300 
400 
500 
600 
700 
0 10 20 30 40 50 60 70 80 
L
o
ad
 (
k
N
) 
Deflection (mm) 
Experimental data 
FE data 
178 
 
observation shows the positive effect of SF addition, as SF fail gradually absorbing a 
large amount of energy.  
 
Figure 6.10 Comparison of load vs deflection plots of Beam 4 from experiment and 
FEA 
The experimental load-deflection plot of Beam 5 is compared with the load-
deflection plot obtained from FEA, in Figure 6.11. The experimental stiffness of 
Beam 5 is lower than that obtained from FEA. This observation shows that the elastic 
modulus of SFRRAC is assumed to be a constant value throughout the loading 
process, in FEA. However, this value decreases in the experiment due to the 
appearance of cracks. Hence, the stiffness of the beam obtained from the 
experimental plot has a comparatively lesser value. The ultimate load capacity of 
Beam 5 obtained from FEA was 305 kN, 4.8% higher than the experimental load-
capacity of 291 kN. Both the FEA and the experimental load-deflection plots show 
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that the flexural behaviour of Beam 3 was ductile due to the presence of steel fibres, 
which yield and fail gradually compared to plain concrete. 
 
Figure 6.11 Comparison of load vs deflection plots of Beam 5 from experiment and 
FEA 
Figure 6.12 shows a comparison of the FEA load-deflection plot for Beam 6 against 
that obtained from experiment. The stiffness of Beam 6 obtained from FEA is greater 
than that obtained from experiment. The FEA assumes a constant and uniform elastic 
modulus of SFRRAC throughout the loading phase. However, in practice, this value 
decreases when the specimen starts cracking, as shown by the experimental plot in 
Figure 6.12. The ultimate load capacity of Beam 6 in FEA was 265 kN, 10 kN more 
than the corresponding experimental value. As observed in the other beams, a ductile 
failure was observed in Beam 6, due to the presence of SF. The ability of SF to 
undergo large deformations improves the ductility of Beam 6. 
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Figure 6.12 Comparison of load vs deflection plots of Beam 6 from experiment and 
FEA 
The FEA load-deflection plot of Beam 7 is compared with its experimental load-
deflection plot, in Figure 6.13. The FEA assumes a constant and uniform elastic 
modulus throughout the loading phase. However, in reality, this value decreases with 
load, as the number of cracks increases within the specimen. Hence, the stiffness of 
Beam 7 estimated by FEA is larger than that estimated by experimental 
investigations. The ultimate load capacity obtained from FEA was 230 kN for Beam 
7, compared to the corresponding experimental value of 215 kN. The plastic region 
of the experimental and FEA load-deflection plots show a ductile failure. The 
ductility of Beam 7 is improved by the presence of SF, which arrests cracks and 
undergoes large deformations to promote a gradual failure. 
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Figure 6.13 Comparison of load vs deflection plots of Beam 7 from experiment and 
FEA 
The FEA load-deflection plot of Beam 8 is compared with its experimental load-
deflection plot, in Figure 6.14. This figure shows that the stiffness of Beam 8 
estimated by FEA is greater than that estimated by experiment. The FEA assumes a 
constant and uniform elastic modulus throughout the model and during the loading 
phase. This value in practice changes with the increase of cracking within the 
specimen and explains the gradual decrease in stiffness in the experimental plot. The 
ultimate experimental capacity of Beam 8 was 184 kN, compared to the ultimate load 
capacity of 202 kN in FEA. Both the load-deflection plots of Beam 8 show that 
Beam 8 underwent ductile failure by absorbing large quantities of energy, due to the 
ability of SF to undergo large amount of deformation before failure. 
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Figure 6.14 Comparison of load vs deflection plots of Beam 8 from experiment and 
FEA 
A comparison of the experimental and FEA load-deflection plots of Beam 9 in 
Figure 6.15 shows that the stiffness of Beam 9 estimated by FEA is greater than that 
obtained from the experiment, as shown by the slope of the elastic region of the 
plots. The FEA assumes a constant and uniform elastic modulus throughout the 
loading phase. However, this value decreased with the increase in the number of 
cracks within the experimental beam. The experimental ultimate load capacity of 
Beam 9 was 637 kN, 31 kN more than that obtained by FEA. SF improves the 
ductility of the beam, as it fails by pull-out mechanism, absorbing a large amount of 
energy. The plastic region of the experimental load-deflection graph shows this 
ductile failure. 
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Figure 6.15 Comparison of load vs deflection plots of Beam 9 from experiment and 
FEA 
Figure 6.16 compares the experimental and FEA load-deflection plots of Beam 10. 
As observed in other beams, the initial slope of the FEA plot was greater than that of 
the experimental plot showing that the stiffness of Beam 10 estimated by FEA is 
larger than the corresponding value obtained in experiment. This is due to the 
assumption of FEA that the elastic modulus of SFRRAC remains the same 
throughout the loading process. In reality, the elastic modulus of SFRRAC decreases 
with load, due to the appearance of cracks. The experimental ultimate load capacity 
of Beam 10 was 464 kN, compared to that of 470 kN in FEA. The plastic region of 
the experimental load-deflection graph indicates a ductile failure, which is promoted 
due to the addition of SF that arrests cracks by undergoing large amount of 
deformation and absorbing a large amount of energy. 
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Figure 6.16 Comparison of load vs deflection plots of Beam 10 from experiment and 
FEA 
6.4 Parametric study in FEA  
Following the comparison of the experimental load-deflection plots and the FEA 
load-deflection plots presented in the previous section, a parametric study was 
carried out in FEA to investigate the effect of change in the size of SFRRAC beams 
on their flexural capacities. FE models of SFRRAC beams were built by varying the 
geometrical dimensions of the beams such as the width of the cross-section, the 
depth of the cross-section and the length. These beams were analysed for their 
flexural behaviour under three-point bending. 
84 different SFRRAC beam models were built and analysed using FEA, including 
the 10 beams discussed previously. The 12 different cross-sections shown in Table 
6.2 were considered in this parametric study. For each of the cross-section, FE beam 
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models were built considering the following lengths: 2000 mm, 2500 mm, 3000 mm, 
3500 mm, 4000 mm, 4500 mm and 5000 mm. The objective of varying the beam 
geometry was to verify if the size of the SFRRAC beams affects their flexural 
capacity. Studies reported that the flexural capacity of NAC and FRC beams was 
affected by their size (Adachi et al., 1995; Kunieda et al., 2002; Lepech and Li, 
2003). However, no investigation was made on the effect of the size on the flexural 
behaviour of SFRRAC. 
In each of the SFRRAC beam models developed in FEA, four deformed bars of 
diameter 12 mm were used as compression reinforcement and four deformed bars of 
diameter 20 mm were used as tension reinforcement. Three shear ties of diameter 12 
mm were used at intervals of 300 mm, starting at a distance of 250 mm from each 
end. The ultimate load capacity and the ultimate moment-capacity of each SFRRAC 
beam model was obtained using FEA.  
Table 6.2 The different SFRRAC cross-sections that were analysed in the parametric 
analysis 
Cross-section Width of the             
cross-section ( ) in mm 
Depth of the             
cross-section ( ) in mm 
300×400 300 400 
340×450 340 450 
450×450 450 450 
375×500 375 500 
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450×500 450 500 
500×500 500 500 
415×550 415 550 
450×550 450 550 
500×550 500 550 
450×600 450 600 
500×600 500 600 
600×600 600 600 
Figure 6.17 shows the ultimate moment-capacities of all the 84 beams obtained from 
the parametric analysis. From Figure 6.17, it can be seen that the ultimate moment-
capacities of the SFRRAC beams with the same cross-sectional dimensions 
decreased with the increase in length. This observation is consistent with previous 
investigations on NAC and FRC by Adachi et al. (1995), Kunieda et al. (2002) and 
Lepech and Li (2003), who found that the flexural behaviour of beams was not 
constant with specimen geometry and decreased with the increase in specimen size. 
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Figure 6.17 Variation of FEA moment-capacities with the length of the beams 
6.5 Summary of the chapter 
The FE model development of SFRRAC beams and the FEA of the flexural 
behaviour of SFRRAC beams carried out in this study were presented in Section 6.2 
of this chapter. Section 6.3 presented a comparison of the load-deflection plots 
obtained from the experiment and the FEA to validate the accuracy of the FEA 
results. After the accuracy of FEA was validated, FE models of more SFRRAC 
beams with different sizes were built and analysed for flexural behaviour under 
three-point bending in FEA. The effect of the size of SFRRAC beams on their 
flexural capacity was investigated in the parametric study presented in Section 6.4. 
The results of these SFRRAC beam test data, newly generated from FEA are used for 
the capacity factor calibration presented in the next chapter. 
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 Chapter 7 Capacity factor calibration 
7.1 General 
This chapter proposes a calibration method to estimate the capacity factor for 
SFRRAC under flexure using the combined database of experimental and FEA data. 
This database was formed from the experimental results obtained from Chapter 5 and 
the FEA results obtained from Chapter 6. These data are used as input for the 
reliability analysis method presented in Section 3.3.2. Since the FEA results are used 
in combination with experimental data, the modelling error of the FEA needs to also 
be taken into account while using the reliability analysis framework; this is explained 
in Section 7.2. Section 7.3 explains how the capacity factor is estimated using the 
proposed iterative procedure that step wisely adds FEA results and the convergence 
is checked according to the proposed criteria. The calibrated capacity factor is 
discussed in Section 7.4. Its noteworthy that the capacity factor calibration presented 
in this chapter uses the design resistance and characteristic resistance of SFRRAC. 
This is different from the capacity factor calibration presented in Chapter 4, which 
used the design resistance of SFRRAC and the characteristic resistance of NAC. 
Section 7.5 presents a parametric study of the capacity factor with respect to the 
uncertainties of important parameters. 
7.2 Inclusion of the modelling error of FEA  
The reliability analysis method provided in Annex D of Eurocode 0 (BSI, 2002) is 
used in this study to calibrate capacity factors for SFRRAC under flexure. This 
method uses experimental data of SFRRAC beams to calibrate the capacity factor. 
The conservatism embedded in the calibrated capacity factor is relieved with the 
increase in the number of experimental data available. 
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In this study, to expand the experimental database of 10 SFRRAC beams in Chapter 
5, FEA results were added to the experimental database. Because the FEA results are 
not exactly equivalent to the experimental data as they have additional numerical 
error, the error was estimated and incorporated into the capacity factor calibration 
procedure used in this study.   
First, FE models of these 10 beams were compared with the corresponding 
experimental results to measure the uncertainties of the FEA results. The ratio of the 
experimentally measured moment-capacity (  ) and the moment-capacity from FEA 
(    ) was modelled as a lognormal random variable. The mean of this lognormal 
random variable is represented by the bias correction factor     , as shown in the 
following equation: 
      
            
 
 
      
  
 
                            (7.1) 
where     is the experimentally obtained moment carrying capacity of the i
th
 beam; 
and       is the moment-carrying capacity of the i
th
 beam from FEA.  
Second, the prediction error between the moment-capacity obtained from FEA and 
the experimental moment-capacity for the i
th
 beam is calculated as follows: 
        
   
            
                 (7.2) 
where       is the prediction error between FEA and experiment for the i
th
 beam; 
     is the bias correction factor for the FEA results with respect to the experimental 
data;     is the moment carrying capacity of the i
th
 beam obtained experimentally; 
      is the moment carrying capacity of the i
th
 beam from FEA.  
The c.o.v. of the modelling error of FEA in predicting the moment-capacities of the 
10 experimental beams (     ) is calculated to be the statistical coefficient of 
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variation (c.o.v.) of                     . This was repeatedly calculated for all 
the mesh sizes tried in the previous chapter, i.e., 50 mm, 75 mm, 100 mm, 125 mm, 
150 mm, 175 mm and 200 mm. The results are shown in Table 7.1.      was the 
least when the mesh size was 150 mm, and the mesh sizes of 175 mm and 200 mm 
resulted in highly inaccurate load vs deflection plots of the FEA beam models.  
Table 7.1 Modelling error of FEA according to different mesh sizes 
Mesh size of 
FEA 
Bias correction factor 
(    ) 
Modelling error of FEA 
(    ) 
50 mm 1.0385 0.0753 
75 mm 0.9987 0.0686 
100 mm 0.9735 0.0651 
125 mm 0.9595 0.0437 
150 mm 0.9720 0.0398 
To rigorously account for the error due to the finite number of experimental data 
used to validate the accuracy of the FEA, the design fractile factor       needs to be 
included in the reliability analysis. Although a few studies attempted to include the 
modelling error of FEA, they assumed that infinite experimental results were used to 
validate the accuracy of the numerical analysis and ignored the use of       
(Mirambell et al., 2012, Bock et al., 2015 and Wang et al., 2016). In this study, 
      has been included in the formula used to find   , the combined fractile factor 
for the i
th
 beam, as shown in Equation 7.3 below. Here,    accounts for the combined 
error in the i
th
 beam due to (i) the modelling error of the theoretical capacity 
prediction model, (ii) the total parametric uncertainty of the design variables and (iii) 
the modelling error of FEA. 
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                                                            (7.3) 
where    is the design fractile factor corresponding to   (the total number of test and 
FEA data) obtained from Annex D of Eurocode 0 (BSI, 2002);    = 3.04 is the target 
reliability index;       is the fractile factor corresponding to      = 10, the number 
of experimental data used to validate the accuracy of the FEA;      represents the 
c.o.v of the total parametric uncertainty in the i
th
 beam data and accounts for the 
uncertainty of all the parameters used such as compressive strength of concrete, yield 
strength of steel, member dimensions, etc.;    represents the c.o.v of the modelling 
error of the theoretical capacity prediction method; and      represents the c.o.v of 
the modelling error of FEA. Equation 7.3 is used instead of Equation 3.36 to estimate 
the combined fractile factor of the i
th
 beam (  ) when the database includes both 
experimental and FEA data. 
7.3 Iterative procedure to find the capacity factor and the 
convergence criteria used to stop the iteration 
An iterative procedure is proposed to find the required number of FEA results to be 
added to the experimental database to estimate a converged capacity factor for 
SFRRAC under flexure. In the first iteration, capacity factor calibration is conducted 
on a database that consists of only 10 experimental results. The initial value of 
capacity factor for SFRRAC under flexure is calibrated using the method explained 
in Section 3.3.2. In the second iteration, the database is expanded to a total of 11 
results by adding a single FEA result to the 10 experimental results. The value of 
     used in Equation 7.3 to calculate   , the combined fractile factor for the 
eleventh beam datum was 0.0398 and the calibrated capacity factor was updated 
from 0.8169 to 0.8232. 
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The size of the database increases by one in every iteration, as a new FEA beam 
datum is added. In every iteration, the capacity factor for SFRRAC under flexure is 
updated. The purpose of this iterative procedure is to find the size of the database 
large enough to attain convergence of the calibrated capacity factor value. The 
following condition is used as the stopping criterion of the iterative procedure: 
 
       
  
          
          
   
                                                                    (7.4) 
where    and      are the bias correction factors when the size of the database is   
and    , respectively;     and       are the modelling errors of the theoretical 
prediction method when the size of the database is   and    , respectively. Table 
7.2 presents the key statistical parameters used in the capacity factor calibration for 
the following two cases: (i) when the database of only the 10 experimental beam test 
results is used in the reliability analysis; (ii) when the combined database of the 
experimental results and the FEA results is used. The statistical parameters presented 
are as follows: the number of data used ( ); the design fractile factor (  ); the 
convergence of the bias correction factor (  ); c.o.v. of the modelling error of the 
theoretical capacity prediction method (  ); and the calibrated capacity factor ( ). 
Table 7.2 Values of the statistical parameters used in the reliability analysis 
Type of database Number of 
data ( ) 
          
  
 
     
Experimental 10 4.377 0.0328 0.0539 0.8169 
Combined 
(Experimental and FEA) 
83 3.152 0.0006 0.0419 0.8305 
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Table 7.2 shows that the design fractile factor (    moves towards 3.04 as the 
number of data in the database (  ) moves towards infinity. The c.o.v. of the 
modelling error of the theoretical capacity prediction method (  ) varies with respect 
to the size of the database as shown in Figure 7.1. When the database consisted of 
only the 10 experimental data inputs, the value of    was 0.0539. With the addition 
of FEA data, the value of    decreased to 0.0399 when n was 28 and then started to 
fluctuate, as shown in Figure 7.1. However, the fluctuation in    is not significant as 
it converges to 0.0419 when   is 83. With the increase in  , 
       
  
 decreases as 
shown in Figure 7.2. When n is 10,  
       
  
  is 0.0328, and it rapidly decreases to 
the value less than 0.005 by adding two FEA results. It finally converges to 0.0006 
when   is 83. 
 
Figure 7.1 Variation of c.o.v. of the modelling error with the increase in the number 
of data 
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Figure 7.2 Convergence of bias correction factor with the increase in the number of 
data 
7.4 Capacity factor for SFRRAC under flexure 
Initially, when the database was only comprised of the 10 experimental data, the 
value of the calibrated capacity factor was 0.8169. On expanding the database by 
adding the FEA beam data, this value kept increasing until the size of the database 
was 33, and the value became 0.8436, which corresponds to the peak of the 
convergence plot denoted by the solid line in Figure 7.3. When more FEA data was 
added to further increase the size of the database, the value started decreasing 
slightly. Using the convergence criterion explained in Equation 7.4, the iteration 
stopped when the size of data was 83 and the value of the capacity factor for 
SFRRAC under flexure was 0.8305. Further expansion of the database will increase 
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the computational cost of the capacity factor calibration without significantly 
changing the value of the capacity factor calibrated. 
As previously explained in Section 3.3.2, the target reliability index used in this 
study is 3.8. This value is multiplied by the FORM sensitivity factor for resistance 
0.8 to separately obtain the target reliability index for resistance. Hence, the target 
reliability index for resistance used in this study is 0.8×3.8 = 3.04. The solid line in 
Figure 7.3 represents the convergence of capacity factor when the target reliability 
index of 3.04 is used. Additionally, the capacity factor calibration was repeated for 
two other safety classes suggested in ISO 2394 (International Organization for 
Standardization, 1998). The values of the combined target reliability index for these 
classes are 3.1 and 4.3. The corresponding values of target reliability index for 
resistance alone are 0.8×3.1 = 2.48 and 0.8×4.3 = 3.44, respectively. The dashed and 
the dashed-dotted lines in Figure 7.3 show the convergence of the capacity factor 
when the target reliability index for resistance is 2.48 and 3.44, respectively. 
The three curves in Figure 7.3 show that the convergence of capacity factor for 
SFRRAC under flexure does not depend on the target reliability index used in the 
reliability analysis. However, for a particular size of database, the value of capacity 
factor decreases, with the increase in the reliability index. When a database of 10 
experimental data was used in the calibration procedure, the values of the calibrated 
capacity factors were 0.8385 and 0.8018 when the target reliability indices were 2.48 
and 3.44, respectively. On increasing the size of the database, these calibrated 
capacity factor values converged to 0.8653 and 0.8285, respectively. 
With the increase in the number of data, the corresponding value of the design 
fractile factor (  ) in Equation 7.3 would decrease and converge to a value of the 
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target reliability index 3.04 for a large number of data, the c.o.v. of the modelling 
error of the capacity prediction method (  ) would converge to a particular value as 
shown in Figure 7.1, the c.o.v. of the parametric uncertainty (   ) would remain the 
same and the fractile factor for FEA (     ) would also converge for a large number 
of data. This is generic to all similar capacity factor calibration problems, if the data 
obtained from analytical models and numerical models have no significant error. 
 
Figure 7.3 Convergence of capacity factor for SFRRAC under flexure with the 
increase in the number of data, for different target reliability indices 
Figure 7.4 shows the capacity factors for SFRRAC under flexure after convergence, 
when the target reliability index is varied from 2.5 to 3.5. The capacity factor linearly 
decreases with an increase in the target reliability index   , as expected. The capacity 
factor is 0.8491 when    is 2.5, and it gradually decreases to a value of 0.8150 when 
   is increased to 3.5. The dashed line in Figure 7.4 shows the capacity factor 
corresponding to the target reliability index of 3.04 in this research, which is 0.8305. 
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When the resistance is considered separately from the load, the calibrated capacity 
factor for SFRRAC under flexure can be used across different international design 
standards such as Eurocode, Australian standards and American standards. The 
calibrated capacity factor for SFRRAC under flexure can be used with different loads 
and load combination cases if they also meet the target reliability level separately for 
the load. 
 
Figure 7.4 Capacity factors for SFRRAC under flexure corresponding to a range of 
target reliability indices 
This capacity factor is calibrated based on the capacity factor calibration method 
provided in Annex D of Eurocode 0 (BSI, 2002), which considers the uncertainties in 
the parameters. In the next section, the sensitivity of the calibrated capacity factor for 
SFRRAC under flexure has been repeatedly checked by varying the c.o.v. of the 
parameters in the capacity prediction model especially when those parameters’ 
uncertainties could have a range of values or were taken based on assumptions. This 
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analysis was undertaken to show that the calibrated capacity factor results are not 
sensitive to most of these assumptions. 
7.5 Variation of capacity factor with c.o.v. of parameters 
7.5.1 Variation of capacity factor for SFRRAC under flexure, with c.o.v. of 
compressive strength of SFRRAC 
Based on the research conducted by Johnson and Huang (1994), the c.o.v. of the 
compressive strength of NAC was found to be 0.15. The maximum value of the 
c.o.v. of the compressive strength of RAC was also found to be about 0.15 by other 
studies (Xiao et al., 2005; Rahal, 2007; Etxeberria et al., 2007b; Breccolotti and 
Materazzi, 2010; and Lei et al., 2013). Hence, the c.o.v. of compressive strength of 
SFRRAC was assumed to be 0.15 in the capacity factor calibration. 
 
Figure 7.5 Variation of capacity factor for SFRRAC under flexure, with respect to 
the c.o.v. of     
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Figure 7.5 shows the sensitivity of the capacity factor for SFRRAC under flexure 
with respect to the c.o.v. of the compressive strength of SFRRAC. A range of values 
from 0.15 to 0.25 were assigned to the c.o.v. of the compressive strength of 
SFRRAC. The capacity factor decreased from 0.8305 to 0.8243, when c.o.v. of 
SFRRAC’s compressive strength increased from 0.15 to 0.25. No significant effect 
of the uncertainties in the compressive strength of SFFRAC on the calibrated 
capacity factor is observed, even when a more conservative value of c.o.v. such as 
0.25 is used, as shown in Figure 7.5. 
7.5.2 Variation of capacity factor for SFRRAC under flexure, with c.o.v. of 
volume of SF 
 
Figure 7.6 Variation of capacity factor for SFRRAC under flexure, with respect to 
the c.o.v. of    
The c.o.v. of volume of SF (  ) is assumed to be 0.01 in the reliability analysis 
framework used for capacity factor calibration. To see the effect of c.o.v. of    on the 
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calibrated results, a parametric study has been conducted and the results are shown in 
Figure 7.6. To check if the calibrated capacity factor is sensitive to the c.o.v. of   , 
the c.o.v. of    is varied from 0.01 to 0.1. As shown in Figure 7.6, the capacity factor 
for SFRRAC under flexure is 0.8305 when c.o.v. of    is 0.01; and gradually 
decreases to 0.8232 when c.o.v. of    increases to 0.1. The small difference in the 
calibrated capacity factor value shows that it is not sensitive to the c.o.v. of   . 
7.5.3 Variation of capacity factor for SFRRAC under flexure, with c.o.v. of 
depth of compression steel reinforcement 
 
Figure 7.7 Variation of capacity factor for SFRRAC under flexure, with respect to 
the c.o.v. of    
The c.o.v. of  , the depth of tension steel reinforcement in reinforced concrete beams 
is estimated to be 0.02 (Lu et al., 1994). The c.o.v. of   , the depth of compression 
steel reinforcement is assumed to be the same in the reliability analysis framework 
used in capacity factor calibration. To see the effect of c.o.v. of    on the calibrated 
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results, it is varied from 0.01 to 0.1, as shown in Figure 7.7. The capacity factor for 
SFRRAC under flexure has a constant value of 0.8305 when c.o.v. of    is varied 
from 0.01 to 0.1, showing that the calibrated capacity factor value is completely not 
sensitive to the c.o.v. of   . 
7.5.4 Variation of capacity factor for SFRRAC under flexure, with c.o.v. of 
diameter of compression steel reinforcement and tension steel 
reinforcement 
Figures 7.8 (a) and (b) show the variation of capacity factor with respect to the c.o.v. 
of the diameters of compression reinforcement and tension reinforcement, 
respectively. The calibrated capacity factor is not sensitive to the diameter of 
compression steel reinforcement (      as shown in Figure 7.8 (a). However, when 
the c.o.v. of the diameter of tension steel reinforcement (      is increased from 0.01 
to 0.1, the capacity factor decreases rapidly from 0.8305 to 0.6474 as shown in 
Figure 7.8 (b). These observations show that the quality control of the reinforcement 
bars used in tension must be stricter than that of the reinforcement bars used in 
compression to ensure the adequate safety of SFRRAC beam members. 
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(a) 
 
(b) 
Figure 7.8 Variation of capacity factor for SFRRAC under flexure, with respect to 
the c.o.v. of (a)      and (b)      
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7.5.5 Variation of capacity factor for SFRRAC under flexure, with c.o.v. of the 
modelling error of the theoretical model 
In the capacity factor calibration, the parametric uncertainties discussed in previous 
sections include the uncertainties in material or geometry. However, the uncertainties 
at structural member-level are represented by   , the c.o.v. of the modelling error of 
the theoretical moment-capacity prediction model used in this study. The value of    
after the convergence of capacity factor was 0.0419, as shown in Table 7.2. Figure 
7.9 shows the sensitivity of the calibrated capacity factor to   . If    is varied 
between 0.01 to 0.1, the calibrated capacity factor decreases from 0.8585 to 0.7316. 
This decrease is much more significant than the decreases in capacity factor when the 
c.o.v. of the design parameters (except the area of tension steel) were varied as 
shown in Sections 7.5.1 to 7.5.4. This observation shows that improving the accuracy 
of the theoretical prediction model is more beneficial to the structural design of 
SFRRAC beams than decreasing the uncertainty in most of the design parameters 
using stricter quality control. 
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Figure 7.9 Variation of capacity factor for SFRRAC under flexure, with respect to 
the c.o.v. of the modelling error 
7.5.6 Load factors 
Using the design value calibration approach provided in ISO 2394 (International 
Organization for Standardization, 1998) and Eurocode 0 (BSI, 2002), it can also be 
checked if the load factors for imposed and variable loads achieve the target 
reliability index used in this study. The calibration results are found in the work of 
Gulvanesian and Holicky (2005) for imposed and variable loads where the sensitivity 
factor for load          was used. The calibration made by Gulvanesian and 
Holicky (2005) assumes that the permanent and variable loads follow normal 
distribution and Gumbell distribution, respectively. The load factors for these loads 
depend on their c.o.v. and the reliability index for which they are calibrated. The 
c.o.v. of permanent load is 0.07-0.08 (Nowak, 1993). Some studies suggest a more 
conservative value of 0.10 (Szepesszentgyorgyi, 1975; Ellingwood et al., 1980; 
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Marshall, 1983; Nowak and Rakoczy, 2013; Wahid et al., 2015). For a c.o.v. of 0.10, 
the load factor for permanent load was calibrated as 1.33 when the reliability index is 
3.8 (Gulvanesian and Holicky, 2005). 
The c.o.v. of variable loads is 0.25 in the case of buildings and industrial structures 
(Ellingwood et al., 1980; Wahid et al., 2015). A more conservative value of 0.4 is 
suggested by Nowak (1993). For c.o.v. less than 0.5, the load factor for variable load 
was calibrated as slightly less than 1.3 by Gulvanesian and Holicky (2005). This 
result shows that the current load factors for permanent and variable loads in 
AS/NZS 1170.0 (Standards Australia, 2002), i.e., 1.2 and 1.5 achieve the target 
reliability index used to calibrate the capacity factor in this study. The corresponding 
load factors in ACI 318-11 (ACI, 2011), i.e., 1.2 and 1.6 and in Eurocode 0 (BSI, 
2002), i.e., 1.35 and 1.5 also well achieve this target reliability index. 
The c.o.v. of variable loads on bridges is between 0.4 and 0.7 (Hwang and Nowak, 
1991; Nowak, 1993). For c.o.v. greater than 0.5, the load factor for variable load was 
calibrated as 1.5 by Gulvanesian and Holicky (2005). This result shows that the 
current load factors for permanent and variable loads in ACI 318-11 (ACI, 2011), 
i.e., 1.2 and 1.6 and in Eurocode 0 (BSI, 2002), i.e., 1.35 and 1.5 achieve the target 
reliability index used to calibrate the capacity factor in this study. The load factors 
for permanent and variable loads in AS/NZS 1170.0 (Standards Australia, 2002), i.e., 
1.2 and 1.5 achieve a lower level of reliability. Hence, if the c.o.v. of variable load is 
higher than 0.5 and AS/NZS 1170.0 (Standards Australia, 2002) is used, a capacity 
factor that is more conservative than the value calibrated in this study would be 
suggested. 
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7.6 Summary of the chapter 
In this chapter, a new capacity factor calibration method based on the reliability 
analysis framework suggested by Eurocode 0 (BSI, 2002) was proposed to find the 
capacity factor for SFRRAC under flexure when both experimental and FEA results 
are available. The combined database of experimental results obtained in Chapter 5 
and the FEA data obtained from Chapter 6 was used as the input into the reliability 
analysis method explained in Section 3.3.2. The inclusion of the modelling error of 
FEA and the error due to the limited number of experimental results used to validate 
the accuracy of the FEA results were presented in Section 7.2. 
In this study, the iterative procedure used in the calibration process was stopped 
when the convergence of bias correction factor (    and the modelling error of the 
theoretical prediction method (    were observed. For the database of the test and 
FEA data used in this study, this convergence was observed when the size of the 
database was 83. This included 10 experimental beam data and 73 FEA beam data. 
The convergence of the bias correction factor (    and the modelling error of the 
theoretical prediction (    were presented in Section 7.3. 
The variation of the calibrated capacity factor with the change in the target reliability 
index used was presented in Section 7.4. As expected, with the increase in reliability 
index, the calibrated capacity factor value decreases, to allow for more conservatism. 
A parametric analysis was conducted to check the sensitivity of the calibrated 
capacity factor to the variation of the statistical properties of design variables. From 
the results of this parametric analysis presented in Section 7.5, it was found that the 
calibrated capacity factor was sensitive to the c.o.v. of the diameter of the 
reinforcement bars in tension (    ) and the c.o.v. of the modelling error of the 
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theoretical model. However, it remained almost unchanged with variation in the 
c.o.v. of the other design parameters. 
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Chapter 8 Conclusions and future research needs 
8.1 Summary of major research findings 
This thesis proposed a design model for SFRRAC members under flexure, using 
experimental analysis, FEA and reliability based capacity factor calibration. The 
major conclusions drawn from this thesis are summarised as follows: 
1. Material-level testing was conducted on 25 different SFRRAC mixes with 
different combinations of RA and SF. Experimental analysis of these 
SFRRAC mixes clearly showed that the performance of RAC is inferior to 
that of NAC, under both compression and tension. However, the experiments 
also showed that the use of SF helps in counteracting the negative effects of 
the addition RA on the mechanical performance of SFRRAC. Hence, it was 
concluded that SFRRAC can be used for structural applications. 
2. Based on the experimental investigation at material-level, the SFRRAC mix 
with 30% RA and 0.7% SF had the maximum tensile strength. These 
proportions of RA and SF were found to be the optimum contents to 
maximise the strength. These mix proportions were then used to fabricate 
full-scale SFRRAC beams that were experimentally analysed. 
3. The proposed prediction model developed to predict the moment-capacity of 
SFRRAC beams included the tensile contribution of SF unlike the 
conventional prediction model for NAC. This modification improved the 
accuracy of the prediction. 
4. FEA of SFRRAC has been carried out. A parametric analysis was conducted 
by changing the dimensions of the SFRRAC beams. The results of FEA were 
compared with the experimental results to validate the accuracy of the FEA. 
FEA showed the ductile failure nature of SFRRAC beams due to the addition 
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of SF that arrests cracks through a large deformation and an energy 
absorption. The modelling error of FEA varied with the mesh size of the 
FEA. The modelling error was minimum when the mesh size used was 150 
mm. 
5. A design model for SFRRAC beams under flexure were developed, in which 
capacity factor was calibrated using a proposed calibration procedure that can 
use both experimental and FEA data. This procedure considers the error due 
to the limited number of experimental data used to validate the accuracy of 
the numerical analysis, unlike previous studies. The capacity factor 
calibration was carried out on both existing SFRRAC beam test data from the 
literature, and new SFRRAC experimental data and the FEA data. The 
calibrated capacity factors were not sensitive to the c.o.v. of most parameters 
but were sensitive to the c.o.v. of the modelling error of the theoretical 
prediction model and the c.o.v. of the diameter of the tension steel 
reinforcement bars. 
6. The capacity factor for SFRRAC under flexure converges to a particular 
value when more data is added. The convergence of the capacity factor was 
checked using a stopping criterion. The stopping criterion was met when the 
size of the database was 83, showing that addition of more data will not 
significantly change the value of the calibrated capacity factor. 
8.2 Future research topics 
In spite of the extensive experimental and numerical analyses that were conducted on 
SFRRAC in this study, further research is necessary for a deeper understanding of 
the behaviour of SFRRAC. Potential directions for further research are as follows: 
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 The behaviour of SFRRAC under flexure was studied in this research. 
However, investigations on the performance of SFRRAC under other failure 
modes such as compression, shear and torsion can be studied. Different 
structural members such as slabs, columns and beam-columns can be 
fabricated with SFRRAC and experimentally investigated. 
 A design model for the ultimate limit state of failure of SFRRAC beam cross-
sections was developed in this research. Models for the serviceability limit 
states of SFRRAC beam cross-sections can also be developed. 
 The type and material of the fibre used can be varied. In this study, hooked-
end SF with aspect ratio of 80 was used. However, glass or polypropylene 
fibres of different aspect ratios and shapes could be used. Cost vs 
performance analysis could be done to provide the solution that would have 
the maximum commercial value. 
 The experimental analysis in this research was studied at ambient 
temperature. However, the post-fire behaviour of SFRRAC could be studied. 
Research in this direction could open new ideas such as coating SF to insulate 
from heat. In addition, the behaviour of SFRRAC when subjected to 
combined effects of loading and exposure to fire could be studied. 
 Microscopic analysis of the SFRRAC matrix could be studied before and 
after the concrete failure, which could provide more insight into the 
interaction of SF and RA within the matrix. 
 The effects of long-term sustained loading such as creep and shrinkage of the 
core concrete on the performance and design of SFRRAC beams could be 
studied. 
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